OPEN PROBLEMS IN THEORETICAL COMPUTER SCIENCE
CHINA THEORY WEEK 2012

ABSTRACT. This document contains a list of open problems and related material that were
posed during open problems sessions at China Theory Week 2012, held at Aarhus University
in Aarhus, Denmark. Please send any comments/corrections regarding this document to do-
minik.scheder@gmail.com or joshua.e.brody@gmail.com.
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QUESTION 1: ALLOCATION OF DIVISIBLE GOODS UNDER CONTINUOUS PREFERENCES
(VIJAY VAZIRANI)

There are N people and N beers. The goal is to allocate one liter of beer to each person.
Of course, different people prefer different beers. We’d like a system that is incentive compatible,
pareto optimal, and envy free.

One solution: each person has a pipe that drains one liter of beer per hour. Players place their
pipe(s) into their favorite beer. When this beer is drained, they move to their next favorite beer.

Players have lexicographic preferences if their preferences are given by a permutation of the
items, and a player (lexicographically)-prefers one allocation a; = (a;1, ..., a;y) to another alloca-
tion b; if the most preferred item to the player that is not equally allocated in a; and b; is more in
Qj.

Given lexicographic preferences, the greedy algorithm above satisfies several nice properties. It
is incentive compatable, envy-free, efficient to compute, and pareto optimal.

Question: Is there a mechanism for allocation of divisible goods that has (approximately) the
properties we’d like in a mechanism (incentive compatability, efficiency, envy-freeness, fairness)
when players’ preferences are represented by continuous utility functions?

QUESTION 2: FINDING A POINT OUTSIDE A GIVEN SUBSPACE (GIL COHEN)

Input: a subspace U of F¥ of dimension n/2.

Goal: Output in polynomial time a point z d-far from U in Hamming distance.

Conjecture: 6 = Q(n) should be possible.

Known: 6 = Q(logn) is possible.

The known solution is by Alon and others and works by covering the O(logn) neighborhood of
U with small subspace objects. Then, find a point outside this space.

QUESTION 3: LocALLy DECODABLE CODES (KLIM EFREMENKO)

Known: There are three query LDCs linear over finite fields that have subexponential space.
Question (1): Are there three query LDCs over C or R of subexponential length?
Self-correctable codes: These are codes where you can recover any symbol of the code using a

small number of queries.

Question (2): Does there exist self-correctable codes over C?

QUESTION 4: CRYPTOGRAPHY BY NP-COMPLETE PROBLEMS (SANJAM GARG)

Consider a setting in which Alice has a public key and secret key pair (pk,sk). It publishes
its public key pk and keeps its secret key sk private. Consider your favorite NP-complete problem
(say Graph Hamiltonicity). Let G be an instance of the Graph Hamiltonicity problem. Bob has a
message m and wants an encryption function encrypt(m, pk, G) such that Alice with the knowledge
of the Hamiltonian cycle in G (and her secret key sk) can decrypt in polynomial time. The security
property desired is that no malicious probabilistic polynomial time (PPT) Alice should be able to
figure out m if G is not Hamiltonian.

QUESTION 5: COUNTING CONTINGENCY MATRICES (BRUNO LOFF)



Let @ = (aq,...,aq) and ,6_" = (B1,...,B4) be integer vectors. A contingency matrix is a d x d
nonnegative integer matrix such that the ith row sums to «; and the jth column sums to £;.

Counting the number of contingency matrices for given @, E is #-P complete.

There are upper bounds possible in N%1°g8¢ time.

Question (1) Are there any solutions over this time?

Question (2) Same problem, but with tensors. This is open even for d = 3,4. For d = 3, best
bound is N4 los(d),

QUESTION 6: TESTING MONOTONICITY (JOSHUA BRODY)

Testing Monotonicity. You have black-box access to a boolean function f : {0,1}" — {0,1}. How
many queries do you need to distinguish f being monotone from f being e-far from monotone?
f is monotone if f(z) < f(y) whenever x; < y; for all 1 < i < n. Being e-far from monotone

means that you need to change an e-fraction of the entries in the truth table of f to get a monotone
function.

QUESTION 7: SENSITIVITY VS. AVERAGE SENSITIVITY (LI1-YANG TAN)

Let f : {0,1}" — {0,1} be a boolean function, and = € {0,1}". The sensitivity of f at x is
S¢(x)#{i € [n] such that f(x) # f(z®")}.

AS(f) :=E;[S¢(z)].

S(f): = max, [y (2)].

It is obvious that AS(f) < S(f). We conjecture that for monotone f, AS(f) is in fact much
smaller than S(f):

Conjecture. Let f be monotone and non-constant. Then AS(f) € O(S(f)*9).
QUESTION 8: HARDNESS-ON-AVERAGE FOR SUBSET SUM (BRUNO LOFF)

Let S C Z[z1,...,xy] be a finite set of polynomials of degree d, |S| = s. The set {x | p(x) =
0V p € S} partitions R™ into connected regions. There are roughly d" such regions. Define the
subset sum problem to be the following subset of R™:

SSS := {x € R" | Ja € {0,1}" such that (a,z) =1.

One can show that SSS partitions R" into on’ many connected regions, even if we limit the bit
length to be at most n. This means that SSS cannot be characterized by degree-d-polynomials.

Open Problem: Show hardness on average, that is, given any classification by polynomials
of low degree, show that a positive fraction of SSS is wrongly classified (under an appropriate
discretization of measure).

QUESTION 9: LoCAL OPTIMA FOR MAX-CUT (RASMUS IBSEN-JENSEN)

Let G = (V, E) be a bipartite graph with integer, but possibly negative, edge weights. It is hard
to find a maximum cut of G. We want to find a local optimum, meaning that we cannot improve
the value of the cut V = U; UTU; by moving a single vertex from U;j to U, or vice versa.

This problem can be seen to be equivalent to the following problem about matrices: Let
A € 7™, We can now multiply entire rows and entire columns by —1, and our goal is to obtain
a matrix in which all row sums and all column sums are non-negative. More formally, for S C [n],



let Is be the matrix whose entries are 0 off the diagonal, and the entry at (i,4) is —1 if 4 € S and
1 otherwise. Then the problem reads as follows:

Open Problem: Can we find, in polynomial time, two sets S, C [n] such that IgAIr has
non-negative row sums and column sums?

Note that the greedy algorithm, which multiplies a row or column by —1 if its sum is negative,
terminates (the total sum of entries strictly increases in every step), thereby proving that such sets
S, T always exist. However, its running time may be exponential.

Also, if we want local optimality under a neighborhood of radius 2, i.e., moving up to two
vertices cannot improve the value, the problem becomes NP-hard.

QUESTION 10: STRATEGY-PROOF FACILITY LOCATION (DOMINIK SCHEDER)

The problem is about facility location and mechanism design. There are n players, each living
at a point p; in some metric space X. The players report their locations to a central authority,
which builds k < n facilities F' = {f1,..., fx} to serve the players. The cost of a player is

cost(z, F) := min{dist(p;, f) | f € F} ,

and the social cost is

cost(F') := Zcost(i,F) .
i=1

However, the players might report locations q1, ..., g, that are different from their true locations,
in order to improve their individual costs.

We want a mechanism that is strategy proof. That is, truthfully reporting ¢; = p; is a dominant
strategy for each player. Further, the mechanism should achieve a good approximation ratio, i.e.,
it should return an allocation F' such that cost(F') is not much larger than the cost of an optimal
allocation F*. “Not much larger” here can mean several things: From most to least satisfactory,
it can mean “at most C' times as much”, “at most C'(k) times as much”, or least “C'(k,n) times
as much”. It is known that already for £ = 2, no deterministic mechanism achieves a constant
approximation ratio, i.e., independent of n. There is, however, a simple randomized mechanism:
Choose f; uniformly at random from {qi,...,q,}, and then choose f» randomly, but with proba-
bilisties proportional to dist(g;, f1), i.e., players who are further away are more likely to be chosen.
For k > 3, the natural generalization of this mechanism is not strategy proof anymore.

Open Problem: Give a randomized mechanism for & > 3 that is strategy proof and achieves
any bounded approximation ratio, i.e., even C(k,n) would be interesting.

QUESTION 11: DEGREE OF POLYNOMIALS p : [n] — [m] (GIL COHEN)

We want a non-constant polynomial p : [n] — [m]. How small can we make its degree? For n = m,
the identity p(x) = = shows that degree 1 works. For m = n — 1 we actually need degree n — o(n).
For m > n the problem looks trivial, since the identity is of course also a function p : [n] — [m].
The degree of p exhibits a gap, though:

Theorem 1. Ifp: [n] — [n%], then either degp < d or degp > % — logn.



For an upper bound, there are polynomials p : [n] — [n]¢ of degree n — logn.
Conjecture: The gap in the theorem is actually between d and n — o(n).
QUESTION 12: POLYNOMIAL RESTRICTIONS WITH LOW VARIANCE (LI-YANG TAN)

Let p:= {—1,1}" — [—1,1]. We can write is as a polynomial, also called the Fourier transfor-

mation of p:
p(z) = Z ﬁsHmi .

SCln]  i€S

The coefficients pg € R are called the Fourier coefficients of p. Let d be the degree of p, i.e., max|S]
over all S C [n] for which pg # 0.

Conjecture: There exists a restriction p of poly(d) many variables such that the variance of p,
is at most 1/10. Here, the variance is taken with respect to the uniform distribution over {—1,1}".

QUESTION 13: CONCENTRATION OF INFLUENCE (CHRIS BECK)

Suppose 11, ...,T,, are decision trees over n variables. Let X be the random variable counting
the number of trees that output 1, for z € {0,1}" uniformly at random.

Theorem 2 (Stated very informally). If (1) all decision trees are of bounded height and (2) each
variable i is on expectation read by only a small number of trees, then X is exponentially concen-
trated around its mean.

Open Problem: Generalize the above result from decision trees to arbitrary boolean functions.
The condition “every variable is on expectation read by only a small number of tress” should now
become “the influence of each variable, averaged over all m functions, is small”.

Here, the influence of a variable i is the probability, over z, that f(x) # f(z + €;), i.e., that
flipping the i*" bit changes the function value.

QUESTION 14: e-APPROXIMATE NASH AND 3-PLAYER GAMES (KRISTOFFER ARNSFELT
HANSEN)

Computing a Nash equilibrium in a two-player game is PPAD-complete. Deciding whether a
give has a Nash equilibrium of social welfare at least 6 is even NP-hard. However, computing an
e-Nash equilibrium can be done in quasipolynomial time, to be precise, in time 2Pely(log(n).1/e),

Consider the following 3-player games: The payoff is given by a 3-dimensional tensor a; ; 1, and
the players are Irene, Jorge, and Karl, who choose actions 4, j, and k respectively. Irene and Jorge
are allies and want to maximize a; ;x, whereas Karl wants to minimize. We are interested in

max max min(A) := max minE|a; ; 1] (1)

01,0 0K
where o7, 05 and o are the mixed strategies of Irene, Jorge, and Karl, respectively. Note that this
is, in general, different from min ox max,, -, E[a; jx]. Computing the value of (1) is NP-hard, and
in particular there is a reduction from deciding whether a 2-player game has a Nash equilibrium of



social welfare at least 6.

Open Problem: To which extend does this reduction carry over to approximate versions of the
stated problems?

The following is known: There is a reduction from 2-player games G to 3-player games H such
that (i) if G has an e-approximate Nash equilibrium of social welface at least 2(1 — «), then the
max max min(H) < a; (ii) if all 2e-approximate Nash equilibria of G achieve a social welfare of at
most 2(1 — o — €), then maxmaxmin(H) > a +
epsilon.

Open Problem: Can you improve this reduction? In particular, can we replace “2e-approximate”
in (ii) by “e-approximate”?



