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Quantum states of bosonic qubits

Hilbert space of N bosons in ground state with pseudo-spin 1
2 each:

SymN(C2),

�z-eigenbasis |S,Mi, total spin S = N
2 , M = �S, . . . , S.

Density matrix

⇢N =
X

M,M 0

⇢M,M 0|S,MihS,M 0|

Reduced density matrix describes state
of n of the N bosons

⇢n = TrN�n(⇢N)

all density matrices
of N bosons

density matrices
of n bosons

reduced density
matrices

TrN�n

Not every n-boson density matrix occurs as the reduced density matrix of an N -
boson state!

spherical harmonics

Clebsch–Gordan: B(SymN(C2)) ⇠=
2SM

k=0

Sym2k(C2) ✓ L2(CP 1)

Wigner function is corresponding function on Bloch sphere,

W (✓,�) =
2SX

k=0

kX

q=�k

⇢k,qYk,q(✓,�),

i.e.,

⇢M,M 0 =
2SX

k=0

kX

q=�k

(�1)S�M�q⇢k,q hS,M ;S,�M 0|k, qi .

Wigner function and reduced density matrix for n < N bosons
are given by the same formulas, but cut off at s = n

2 .

Coherent state along �z

|# . . . #i

Schrödinger cat state

|" . . . "i + |# . . . #i

Quantum state tomography

⇡ rotation to correct frame

Tomographic reconstruction of the Wigner function (Basel)
Filtered backprojection algorithm [1] (similar to an inverse Radon transform):
– prepare state L times
– each time, choose quantization axis (✓l,�l) and measure spin (single Stern–Gerlach

experiment) measurement result (Sl,Ml)

– reconstruct via

⇢̂k,q = (2k + 1)
1

L

LX

l=1

Dk
q,0(�l, ✓l, 0) hSl,Ml;Sl,�Ml|k, 0i

Optimization for states localized on hemisphere: only measure in equatorial directions.

! numerically stable (no inversion)
! for low k, insensitive to fluctuations in S and M (do not need state resolution)
! for small n, reduced density matrices ⇢̂n can be estimated well

Finding the closest physical reduced density matrix (ETH)
Given ⇢̂n, find the closest reduced density matrix which comes from N bosons.

Efficient solution via semidefinite/quadratic program:

minimize k⇢̂n � ⇢nk22
such that 9⇢N � 0 :

Tr ⇢N = 1

⇢n = TrN�n(⇢N)

! closest physical density matrix ⇢n
! lower bound " on error bar

⇢̂n⇢n "

Example: Tomography of a squeezed BEC
Pseudo-spin squeezing of N = 1250(45) 87Rb atoms on an atom chip [2].

Reconstructed Wigner function:

Lower bound " on the error of ⇢̂n given hypothesis on total number of bosons N :
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Future Directions
Reliable error bars; global constraints (e.g., ⇢N Gaussian); . . .
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Detecting Genuine Multi-Particle Entanglement 
by Single-Particle Measurements



Multi-Particle Entanglement

 1...N

How entangled is a given multi-particle quantum 
state           (prepared in the laboratory)? 1...N

 particle Cd



Multi-Particle Entanglement
via Single-Particle Measurements

⇢1 ⇢2 ⇢N. . .

 1...N

What can be said about the multi-particle entanglement 
of a pure state given its one-body density matrices only?



Multi-Particle Entanglement
Operational approach:  equivalent entanglement if 
related by operations which cannot “create 
entanglement”

 1
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Multi-Particle Entanglement
Operational approach:  equivalent entanglement if 
related by operations which cannot “create 
entanglement”

 1
1...N 1...N

SLOCC

Stochastic Local Operations and Classical Comm.:
• non-zero success probability
• convenient mathematical characterization:

    

Dür, Vidal & 
Cirac (2000)

invertible local operators



   

Multi-Particle Entanglement

SLOCC

 (
C “ “

Entanglement class of a pure state           : 1...N

G = SL(d)⇥ . . .⇥ SL(d)

 1  G ¨ | yx | Ñ PpHq



   

Multi-Particle Entanglement

SLOCC

 (
C “ “

Entanglement class of a pure state           : 1...N

G = SL(d)⇥ . . .⇥ SL(d)

Generically:  infinitely many classes, labeled by exp(N) 
many continuous parameters

Three Qubits:  six classes (GHZ, W, bi-separable, product)

 1  G ¨ | yx | Ñ PpHq



Single-Particle View of Multi-
Particle Entanglement

⇢1 ⇢2 ⇢N. . .

 1...N

What can be said about the entanglement class of a 
pure state given its one-body density matrices only?

What are the possible                  for states in a 
given entanglement class?

⇢1, . . . , ⇢N



Single-Particle View of Multi-
Particle Entanglement

⇢1 ⇢2 ⇢N. . .

 1...N

What can be said about the entanglement class of a 
pure state given its one-body density matrices only?

 only depends on local eigenvalues

What are the possible                  for states in a 
given entanglement class?

⇢1, . . . , ⇢N



Entanglement Polytopes
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Entanglement Polytopes
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Our Main Result:
• convex polytope!
• finite hierarchy
• algorithm to compute using computational invariant 

theory (difficult)

using results from Brion (1987), 
Kempf & Ness (1979)

algebraic geometry /  GIT
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• convex polytope!
• finite hierarchy
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algebraic geometry /  GIT
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cf. Quantum Marginal Problem
Christandl-Mitchison (2004)

Klyachko (2004)
Daftuar-Hayden (2004)



Entanglement Criterion
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• efficient, requires only linearly many measurements
• robust against experimental noise (       pure) «
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Entanglement Criterion
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“Bell inequalities”



Three Qubits H = C2
N = 3

|GHZy “ |000y ` |111y

Entanglement classes:

|W y “ |100y ` |010y ` |001y

|B2y, |B3y
|B1y “ |0y b p|00y ` |11yq ,

|000y
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Three Qubits H = C2
N = 3

|GHZy “ |000y ` |111y

Entanglement classes:

|W y “ |100y ` |010y ` |001y

|B2y, |B3y
|B1y “ |0y b p|00y ` |11yq ,

|000y

�(3)

max

1

�(1)

max

�(2)

max

0.5

1

1

0

0.5

1

0

0.5

1

0

0.5

1

Lower pyramid is 
witness for GHZ class!



Further Examples
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• Four Qubits: six non-
trivial entanglement
polytopes (3d sections)

• Bosonic qubit systems, fermionic system, ...

• Genuine multi-particle entanglement:

^3C6
SymNC2

� â
§

bipartition S:Sc

�S ˆ �Sc

http://www.itp.phys.ethz.ch/people/waltemic/polytopes



Invariant Theory
G “ SLpdq ˆ . . . ˆ SLpdq

H “ Cd b . . . b Cd

Suppose there exists a G-invariant homogeneous 
polynomial     on     with                   .P H P p| yq ‰ 0
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Invariant Theory
G “ SLpdq ˆ . . . ˆ SLpdq

H “ Cd b . . . b Cd

Suppose there exists a G-invariant homogeneous 
polynomial     on     with                   .P H

Let        be a vector of minimal length.| 1y
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Invariant Theory
G “ SLpdq ˆ . . . ˆ SLpdq

H “ Cd b . . . b Cd

Suppose there exists a G-invariant homogeneous 
polynomial     on     with                   .P H

Let        be a vector of minimal length.

0 “

d

dt

ˇ̌
ˇ
t“0

ketX ¨ | 1
yk2 “ 2x 1|X| 1

y

for all traceless local observables    .

| 1y

X

0

| 1y

G ¨ | y

Then

P p| yq ‰ 0

ñ G ¨ | y S 0
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d
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ketX ¨ | 1
yk2 “ 2x 1|X| 1

y

for all traceless local observables    .

| 1y

X

Thus     is locally maximally mixed!
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Invariant Theory
G “ SLpdq ˆ . . . ˆ SLpdq

H “ Cd b . . . b Cd

Suppose there exists a G-invariant homogeneous 
polynomial     on     with                   .P H

Let        be a vector of minimal length.

0 “

d

dt

ˇ̌
ˇ
t“0

ketX ¨ | 1
yk2 “ 2x 1|X| 1

y

for all traceless local observables    .

| 1y

X

Local 
eigenvaluesThus     is locally maximally mixed!

The converse 
is also true!

0

| 1y

G ¨ | y

Then

Invariant 
Theory

Kempf & Ness (1979)
Klyachko (2004)

P p| yq ‰ 0

ñ G ¨ | y S 0

 1



Entanglement Polytopes and 
Covariants

Covariant:  G-equivariant homogeneous polynomial 
function

� : H Ñ V�

Irreducible G-representation
with highest weight   �
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Covariants

Covariant:  G-equivariant homogeneous polynomial 
function
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Choose a finite set of generators      with highest
weight      and degree     .dk

�k
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Entanglement Polytopes and 
Covariants

Covariant:  G-equivariant homogeneous polynomial 
function

� : H Ñ V�

Choose a finite set of generators      with highest
weight      and degree     .dk

�k
�k

Theorem:  The entanglement polytope of an 
entanglement class      is given by

� “ convt�k{dk : �kp q ‰ 0u
C 

proof via 
Brion (1987)



Entanglement Polytopes and 
Covariants

Covariant:  G-equivariant homogeneous polynomial 
function

� : H Ñ V�

Choose a finite set of generators      with highest
weight      and degree     .dk

�k
�k

Theorem:  The entanglement polytope of an 
entanglement class      is given by

� “ convt�k{dk : �kp q ‰ 0u
C 

computational 
invariant theory

proof via 
Brion (1987)



Summary

Detecting Multi-Particle Entanglement by Single-Particle 
Measurements
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Thank you!
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arXiv:1208.0365

Thursday 9:55

See also Burak’s talk on “Recoupling Coefficients and 
Quantum Entropies”!


