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Quantum Marginal Problem

Quantum Marginal Problem
von Neumann Entropy Inequalities

(QMP)

Is there a global quantum state p which is compatible with given reduced
density matrices papc, PBCDE, PDEF, - - ?
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History
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@ Klyachko(2004), Christandl & Mitchison(2004) & Harrow(2005) :
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PA PB

Klyachko(2004): Inequalities between eigenvalues

© Liu(2006):

. PA; Ay . DAL A, . . : QMA-complete.
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Quantum Marginal Problem
von Neumann Entropy Inequalities

H(p) == —trplogp = —Zh‘logh‘

7

Eigenvalue spectra = von Neumann entropy

Von Neumann entropy ~~ Eigenvalue spectra

History of inequalities
Q@ n=2: H(A)+ H(B) > H(AB) - Subadditivity
@ n=3: HAB)+ H(BC)— H(B)— H(ABC) > 0 - Strong
Subaddivity (Lieb & Ruskai- 1973)
© n = 4: More inequalities?

Infinitely many constrained inequalities (Cadney, Linden and Winter
- 2011)

@ For Shannon entropies: Infinitely many independent inequalities
(Zhang & Yeung - 1998, Matus - 2007)
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Young diagrams

A Young diagram ), of k£ boxes and at most d rows, is a d-tuple of
nonnegative integers:
A= (A1, A2, ., Ad)

such that
Az Xip1 20, Y A=k

Example: A = (4,4,2)

A normalized version of X is X := (\1/k, Xa/k, ..., Aa/k):

A= (4,4,2) = X =(0.4,0.4,0.2). -
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Theorem

3 papc with spectra ra,TB,TC,TAB, TBC, TABC
iff
3 sequence of Young diagrams, ., 3,7, i, v, A with k boxes st

(ra,mB,rc,TAB,TBC,TABC) = liMy_s00 (@, B,7, B, 7, ) and

a B p 1
||,y \ o2 ovm

Strong Subadditivity
of von Neumann entropy

Symmetry of Recoupling Coefficients =
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Recoupling Coefficients and Tripartite Quantum States

Conclusions

Representations of Symmetric group

Main Results

Two Problems in Quantum Information Theory

Let V' be a vector space on which Sj acts. It can be decomposed into

irreducible representations V):

A: Young diagrams

\4
A

V%@V,\@)H

A

*%
*%

—
P
* KKK
HRXK
%K%
*H KX
KKK
KRRX
2l

KHIXKXKKKKKK KK KXXKXKXXKX
KAXXKXKXXXKXKXXXXXRXXKX XX
KAXKXXXXHXXXXHXXXXXXX
KIXKKXXKXXKXIXX XK XK KXK KX
KAXXXXXXXXXXXXXRXXKX XX
KHKKHKKXKKKKKK KK KXXXXXX
KEXKKXKXXXKXKXXKX KKK XXX
KAXXXXXXXKXXXXXXRXXKX XX
KIEXKXXKKKKXKX KK KXXKXKKXX
KAXXKXKXXXKXKXXXHXX XXX XX
KKK XKKKKKXKXKKXXKXXXX
KEKXKXXKXXKXIXX XK XK XK KX
KAXXXXKXXXKXXXXXXXXKX XX
KKK KKK KKK KK KK KXXKXKXX
KAXKHXKXXXHXKXXXKXKXKX XXX
KAXXXXXXKXXXXXXXXKXXX
KHIEXKXXKAKKXK KK XXX KKKX
KAXXXXKXXXKXKXXXHXX XXX XX
XXX KXKKEXX KK XXX KXKX

4
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Recoupling coefficients

Clebsch-Gordan isomorphism for Si:

Vo® Vs = P Va© HYY
A
Clebsch-Gordan in two different ways:

Vo VeV, =2@Ve HY @ HY”
A

= @V)‘ ® Hg, ®H&\V
A\v

;[3 f ’ﬂ L He? @ HYY — HY, @ H),
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Recoupling Coefficients and Tripartite Quantum States
Symmetry of Recoupling coefficients implies Strong Subadditivity

Theorem

3 papc with spectrara,rB,rc,TAB,TBC,TABC
iff
3 sequence of Young diagrams, «, 3,7, i, v, A with k boxes st

(ra,mB,rc,TAB,TBC,TABC) = liMy_ 00 (@, B,7, B, 7, ) and

a B op 1
”’y A V||Zm
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Recoupling Coefficients and Tripartite Quantum States
Symmetry of Recoupling coefficients implies Strong Subadditivity

Proof-1: Spectrum estimation

S). permutes the k-copies of C?, ,

Ch®k= P eu

A:k boxes,d rows

TPyt

Theorem (Keyl & Werner - 2001)

Let p be a quantum state with eigenvalue spectra r, then
tr(Pyp®F) <

tr(Pap®%) < exp(—k[X—rl2/2)  — {1}
by

r

PPi= > Pz tr(Pp®F) > 1—exp(—ké?/2) ~ 1
)\:fo'r'HlSE

M. Burak Sahinogli ing Coeffici and Quantum Entropies



Two Problems in Quantum Information Theory
Main Results
Conclusions

Proof-2: Recouplings from tripartite Schur-Weyl

Recoupling Coefficients and Tripartite Quantum States
Symmetry of Recoupling coefficients implies Strong Subadditivity

SV o HY @ Hy el @ Uj o U
TQT

(Cabcg(ca@(cb@(cc)@k% @VQ®V5®VW®U3®UE®U§

Pl
O Vy @ HY @ H)Y @Us @ UL @ US

P.Q =1y, guscusou: ® [
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Proof-3: Golden shot

Take a papc with spectra r4,75,7c,7AB, "BC, TABC
I
| te(PPQ°pS )| > 1 — exp(—ko?/2)

|
1P QP > 1 — exp(—kd?/2)

a B o
Use PQ = 1VA®Mg®u};®U§ ® |:'Y A V:|
S [C“ 4 “} | > 1— exp(—kd?/2)

AU
[NCR N TH 29N 7

4

a f 1 = _ =
|:,y A M:|| > : 04,57%%%)\”TAJB»TC,TAC,TBC,TABC 0]
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implies Strong Subadditivity

Strong Subadditivity
of von Neumann entropy

Symmetry of Recoupling Coefficients =

Proof ingredients:

o | a B p 2 = dimV dimV ” a u B E
@ Theorem
. k! RH (X
- - \)
Q dimW =T g 2
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Proof of Corollary

implies Strong Subadditivity

o * 7 pp o SmVudin By o Bya
YAV dim VzdimVy "y v A

© Theorem implies
dimV,, dimV,,

1
dim Vzdim V ~ poly(k)

a, B9, 1,7, A
for ~

TA,"B,TC>,TAB,T"BC,TABC

1 _
© Use limy_, Z logdim V), = H(\):

H(pap) + H(ppc) — H(pp) — H(papc) 20 4

o
=2
Q
o
it
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Proof of Symmetry: Graphical calculus

implies Strong Subadditivity
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Proof of Symmetry

Mo /dimV, dimV, W
Prove [a B M} m m Z i Vi {0‘ po B
’Y )\ v ij \/dlmVB dlm V)\ v ’Y v )\ ij’

y/dimV, dimV,
y/dim V3 dim V>\

Use the self duality of V):

A A
1
A —~—@—— )\ = \?/ —WZ|6A>|€A> ]
1
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Conclusions

Asymptotic of S
recoupling coefficients

Symmetry of Recoupling

\
Strong subadditivity

@ Spectrum of p¢ is missing!

Asymptotic of SU(2)
(Wigner) 6j-symbols

~

J3

Jo

Ji

@ Symmetry of other objects = other entropy inequalities ?

M. Burak Sahinog

and Quantum Entropies



	Two Problems in Quantum Information Theory
	Quantum Marginal Problem
	von Neumann Entropy Inequalities

	Main Results
	Recoupling Coefficients and Tripartite Quantum States
	Symmetry of Recoupling coefficients implies Strong Subadditivity

	Conclusions

