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Quantum Marginal Problem
von Neumann Entropy Inequalities

Quantum Marginal Problem (QMP)

C

B E

D FA ρABC ρBCDE

ρDEF

ρ

Is there a global quantum state ρ which is compatible with given reduced
density matrices ρABC , ρBCDE , ρDEF , . . .?
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History

1

ρA ρB

|ψ〉AB ⇔ rA = rB . (|ψAB〉 =
∑
i

√
ri|i〉A|i〉B .)

2 Klyachko(2004), Christandl & Mitchison(2004) & Harrow(2005) :

ρA ρB

ρAB ⇔ gλ,α,β 6= 0 for λ ∼ rAB , α ∼ rA, β ∼ rB .

Klyachko(2004): Inequalities between eigenvalues

3 Liu(2006):

. . .

ρA1A2...An

ρA1A2 ρA2A3

Overlapping subsystems!

: QMA-complete.
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von Neumann Entropy Inequalities

H(ρ) := − tr ρ log ρ = −
∑
i

ri log ri

Eigenvalue spectra⇒ von Neumann entropy

Von Neumann entropy Eigenvalue spectra

History of inequalities
1 n = 2: H(A) +H(B) ≥ H(AB) - Subadditivity
2 n = 3: H(AB) +H(BC)−H(B)−H(ABC) ≥ 0 - Strong

Subaddivity (Lieb & Ruskai- 1973)
3 n = 4: More inequalities?

Infinitely many constrained inequalities (Cadney, Linden and Winter
- 2011)

4 For Shannon entropies: Infinitely many independent inequalities
(Zhang & Yeung - 1998, Matus - 2007)
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Young diagrams

A Young diagram λ, of k boxes and at most d rows, is a d-tuple of
nonnegative integers:

λ = (λ1, λ2, . . . , λd)

such that
λi ≥ λi+1 ≥ 0,

∑
i

λi = k.

Example: λ = (4, 4, 2)

A normalized version of λ is λ := (λ1/k, λ2/k, . . . , λd/k):
λ = (4, 4, 2)⇒ λ = (0.4, 0.4, 0.2).

∼ eigenvalue spectra
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Symmetry of Recoupling coefficients implies Strong Subadditivity

ρA ρB ρC

ρAB ρBC
ρABC

Theorem

∃ ρABC with spectra rA, rB , rC , rAB , rBC , rABC

iff

∃ sequence of Young diagrams, α, β, γ, µ, ν, λ with k boxes st

(rA, rB , rC , rAB , rBC , rABC) = limk→∞
(
α, β, γ, µ, ν, λ

)
and

‖
[
α β µ
γ λ ν

]
‖ ≥ 1

poly(k)

Recoupling coefficients of Sk

Corollary

Symmetry of Recoupling Coefficients⇒ Strong Subadditivity
of von Neumann entropy
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Representations of Symmetric group

Let V be a vector space on which Sk acts. It can be decomposed into
irreducible representations Vλ:

V ∼=
⊕
λ

Vλ ⊗HV
λ

λ: Young diagrams

multiplicity space
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Sk 3 π → ∼=

∗∗∗∗ ∗∗∗∗ ∗∗∗∗ ∗∗∗∗
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

∗∗∗∗
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Recoupling coefficients

Clebsch-Gordan isomorphism for Sk:

Vα ⊗ Vβ ∼=
⊕
λ

Vλ ⊗Hαβ
λ

Clebsch-Gordan in two different ways:

Vα ⊗ Vβ ⊗ Vγ ∼=
⊕
λ,µ

Vλ ⊗Hαβ
µ ⊗H

µγ
λ

∼=
⊕
λ,ν

Vλ ⊗Hν
βγ ⊗Hλ

αν

Recoupling!

[
α β µ
γ λ ν

]
: Hαβ

µ ⊗H
µγ
λ → Hν

βγ ⊗Hλ
αν
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Recoupling coefficients and Tripartite spectra

ρA ρB ρC

ρAB ρBC
ρABC

Theorem

∃ ρABC with spectra rA, rB , rC , rAB , rBC , rABC

iff

∃ sequence of Young diagrams, α, β, γ, µ, ν, λ with k boxes st

(rA, rB , rC , rAB , rBC , rABC) = limk→∞
(
α, β, γ, µ, ν, λ

)
and

‖
[
α β µ
γ λ ν

]
‖ ≥ 1

poly(k)

Hαβ
µ ⊗H

µγ
λ → Hν

βγ ⊗Hλ
αν
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Proof-1: Spectrum estimation

Sk permutes the k-copies of Cd,

(Cd)⊗k ∼=
⊕

λ:k boxes,d rows

Vλ ⊗ Udλ︸ ︷︷ ︸
↑Pλ↑

Schur-Weyl duality

Theorem (Keyl & Werner - 2001)

Let ρ be a quantum state with eigenvalue spectra r, then

λ

tr(Pλρ
⊗k) ≤

r

tr(Pλρ
⊗k) ≤ exp(−k‖λ− r‖21/2) →

P δ :=
∑

λ:‖λ−r‖1≤δ

Pλ ⇒ tr(P δρ⊗k) ≥ 1− exp(−kδ2/2) ≈ 1
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Proof-2: Recouplings from tripartite Schur-Weyl

(
Cabc ∼= Ca ⊗ Cb ⊗ Cc

)⊗k ∼=


⊕
Vλ ⊗Hµγλ ⊗Hαβµ ⊗Uaα ⊗ Ubβ ⊗ Ucγ⊕ ↑Q↑︷ ︸︸ ︷
Vα ⊗ Vβ ⊗ Vγ ⊗ Uaα ⊗ Ubβ ⊗ Ucγ︸ ︷︷ ︸

↓P↓⊕
Vλ ⊗Hανλ ⊗Hβγν ⊗Uaα ⊗ Ubβ ⊗ Ucγ

P.Q = 1Vλ⊗Uaα⊗Ubβ⊗Ucγ ⊗
[
α β µ
γ λ ν

]
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Proof-3: Golden shot

Take a ρABC with spectra rA, rB , rC , rAB , rBC , rABC
⇓

| tr(P δQδρ⊗kABC)| ≥ 1− exp(−kδ2/2)
⇓

‖P δQδ‖∞ ≥ 1− exp(−kδ2/2)

Use P.Q = 1Vλ⊗Uaα⊗Ubβ⊗Ucγ ⊗
[
α β µ
γ λ ν

]
∑

α,β,γ,µ,ν,λ

‖
[
α β µ
γ λ ν

]
‖ ≥ 1− exp(−kδ2/2)

⇓

‖
[
α β µ
γ λ ν

]
‖ ≥ 1

poly(k)
: α, β, γ, µ, ν, λ ∼ rA, rB , rC , rAC , rBC , rABC
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Corollary

Symmetry of Recoupling Coefficients⇒ Strong Subadditivity
of von Neumann entropy

Proof ingredients:

1 ‖
[
α β µ
γ λ ν

]
‖2 =

dimVµ dimVν
dimVβ dimVλ

‖
[
α µ β
γ ν λ

]
‖2,

Symmetry!
2 Theorem

3 dimVλ �
k!

λ1!λ2! . . . λd!

Stirling’s formula

� 2kH(λ)
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Proof of Corollary

1 ‖
[
α β µ
γ λ ν

]
‖2 =

dimVµ dimVν
dimVβ dimVλ

‖
[
α µ β
γ ν λ

]
‖2

Proof via
graphical calculus!

2 Theorem implies

dimVµ dimVν
dimVβ dimVλ

≥ 1

poly(k)
for

α, β, γ, µ, ν, λ
∼

rA, rB , rC , rAB , rBC , rABC

3 Use limk→∞
1

k
log dimVλ = H(λ):

H(ρAB) +H(ρBC)−H(ρB)−H(ρABC) ≥ 0
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Proof of Symmetry: Graphical calculus

Preskill’s notes:
topological q.c.

Sk invariant maps

Hαβ
λ 3 |i〉 = i

α β

λ

⇒ 1Vλ⊗
[
α β µ
γ λ ν

]kl
ij

=

l

k

j

i

βα γ

µ

ν

λ

λ

.

Trace over Vλ and deform,

[
α β µ
γ λ ν

]kl
ij

=
1

dimVλ

i

j

kl
α β

γ
µ

ν

λ

.
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Proof of Symmetry

Prove

[
α β µ
γ λ ν

]kl
ij

=

√
dimVµ dimVν√
dimVβ dimVλ

∑
j′l′

U jj′Vll′

[
α µ β
γ ν λ

]kl′
ij′

1

dimVλ

i

j

kl
α β

γ
µ

ν

λ

=

√
dimVµ dimVν√
dimVβ dimVλ

∑
j′l′

U jj′Vll′

dimVν

i

j′
kl′

α β

γ
µ

ν

λ

Use the self duality of Vλ:

λ λ :=

λ λ

1

=
1√

dimVλ

∑
|eλ〉|eλ〉
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Conclusions

Asymptotic of Sk Asymptotic of SU(2)
recoupling coefficients (Wigner) 6j-symbols

∼ ∼

ρA ρB ρC

ρAB ρBC

ρABC

Symmetry of Recoupling

⇓
Strong subadditivity

J

J1

J2

J3

J12
J23

Spectrum of ρAC is missing!

Symmetry of other objects ⇒ other entropy inequalities ?
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