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The Success of Deep Learning

๏Computer vision


‣Human-level image recognition  performance  
on ImageNet,  eg. ResNet and variants…


๏Natural language processing


‣Excellent neural machine translation


‣Dialog generation


๏Game play


‣Reinforcement learning + deep learning:  
AlphaGo, AlphaGo Zero, AlphaZero… 


๏…



1. Why does deep learning work? 
2. Does it really work?

Deep learning theory is largely unsolved



Benefits of Studying Deep Learning Theory

๏Help to design better models and algorithms for practical use


๏Know CAN and CANN’T: what is the limit of deep learning models?


‣ Model-level, statistically, algorithmically, and computationally.  


๏Raise more interesting mathematical problems 


‣ Understanding compositional and over-parameterized 
computational structure


๏Many more…



Deep Neural Networks

highly non-convex/ 
multiple global minima

f(x; ✓) = WL�(WL�1�(WL�2 · · ·�(W2�(W1x+ b1))))
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human  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A Holistic View on Deep Learning

Data Model Learning

Minimizing the training loss

Test  
(Generalization/ 

Robustness/ 
Interpretability)

Loss 
Landscape

Minima/ 
Solution



Deep Learning Theory
• Representation power of deep neural networks


•Generalization mystery 

•Why over-parameterization can generalize?


• Learning dynamics (optimization process) 


•Compatibility between model and data distribution 

• Robustness (adversarial examples)


• Interpretability



Stochastic Gradient Descent (SGD)

๏Gradient Descent (GD)


๏Stochastic Gradient Descent (SGD) 


‣ Computational benefits by stochastic approximation


‣ Any other benefits of SGD? 

The Anisotropic Noise in Stochastic Gradient Descent

gion with large probability mass, corresponding to the flat
minima.

When analyzing SGD, most of existing works assume the
noise covariance of SGD is constant or upper bounded by
some constant, and what role the noise structure of stochas-
tic gradient plays in optimization and generalization was
rarely studied in literature. On the other hand, experiments
(Figure 1) show that the isotropic approximation of SGD
like gradient Langevin dynamic (GLD) cannot fully explain
the mystery of the good generalization performance of SGD,
even they are tuned to have the same noise magnitude. Thus
the analysis over the structure of SGD noise is on demand
for fully understanding SGD.

In this work, we take the first step studying the anisotropic
noise of SGD and its superiority over its isotropic equiv-
alence. Specifically, we study a general form of gradient-
based optimization dynamics with unbiased noise, which
unifies SGD and standard Langevin dynamics. By inves-
tigating the general dynamics, we analyze how the noise
structure of SGD influences the escaping behavior from
sharp minima and its regularization effects. Several novel
analysis and empirical justifications are made as follow.

(1) We derive a key indicator to characterize the efficiency of
escaping from minima through measuring the alignment of
noise covariance and the curvature of loss function. Based
on this indicator, two conditions are established to show
which type of noise structure is superior to isotropic noise
in term of escaping efficiency;

(2) We further justify that SGD in the context of neural
networks satisfies these two conditions, and thus provide
a plausible explanation why SGD can escape from sharp
minima more efficiently, converging to flat minima with a
higher probability. Moreover, these flat minima typically
generalize well according to various works (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). We also show that Langevin
dynamics with well tuned isotropic noise cannot beat SGD,
which further confirms the importance of noise structure of
SGD;

(3) A large number of experiments are designed systemat-
ically to justify our understanding on the behavior of the
anisotropic diffusion of SGD. We compare SGD with full
gradient descent with different types of diffusion noise, in-
cluding isotropic and position-dependent/independent noise.
All these comparisons demonstrate the effectiveness of
anisotropic diffusion for good generalization in training
neural networks.

2. Background
In general, supervised learning usually involves an optimiza-
tion process of minimizing an empirical loss over training
data,

L(✓) :=
1

N

NX

i=1

`(xi; ✓), (1)

where {xi|i = 1, . . . , N} denotes the training set with N

i.i.d. training samples, the model is parameterized by ✓ 2

RD and ` denotes the combination of the loss and the model
for simplicity, e.g. deep networks with cross entropy loss.
Under many circumstances, including deep networks, there
could exist multiple global minima for Eq. (1), exhibiting
diverse generalization performance. We call those solutions
generalizing well good solutions or minima, and vice versa.

Gradient descent and its stochastic variants A typical
approach to minimize Eq. (1) is gradient descent (GD),

✓t+1 = ✓t � ⌘r✓L(✓t), (2)

where ⌘ denotes the learning rate and we assume it to be
a small constant for the convenience of analysis, similarly
hereinafter.

In practice, a more useful kind of gradient based optimiz-
ers act like GD with an unbiased noise, including gradient
Langevin dynamics (GLD),
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and stochastic gradient descent (SGD),
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r✓`(x; ✓t) is an unbiased estima-
tor of the full gradient r✓L(✓t), with Bt being a randomly
selected minibatch of size m. Assume the size of minibatch
m is large enough for the central limit theorem to hold, thus
g̃(✓t) follows a Gaussian distribution (Chen et al., 2014;
Ahn et al., 2012; Shang et al., 2015; Mandt et al., 2017),
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Therefore we can rewrite Eq. (4) as,

✓t+1 = ✓t�⌘rL(✓t)+⌘✏t, ✏t ⇠ N

⇣
0, ⌃sgd(✓t)

⌘
. (6)

Inspired by the dynamics of GLD (Eq. (3)) and SGD
(Eq. (6)), more generally, we study the dynamics of gradient

descent with unbiased noise,

✓t+1 = ✓t � ⌘r✓L(✓t) + ⌘✏t, ✏t ⇠ N (0, ⌃t) . (7)
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gion with large probability mass, corresponding to the flat
minima.
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noise covariance of SGD is constant or upper bounded by
some constant, and what role the noise structure of stochas-
tic gradient plays in optimization and generalization was
rarely studied in literature. On the other hand, experiments
(Figure 1) show that the isotropic approximation of SGD
like gradient Langevin dynamic (GLD) cannot fully explain
the mystery of the good generalization performance of SGD,
even they are tuned to have the same noise magnitude. Thus
the analysis over the structure of SGD noise is on demand
for fully understanding SGD.

In this work, we take the first step studying the anisotropic
noise of SGD and its superiority over its isotropic equiv-
alence. Specifically, we study a general form of gradient-
based optimization dynamics with unbiased noise, which
unifies SGD and standard Langevin dynamics. By inves-
tigating the general dynamics, we analyze how the noise
structure of SGD influences the escaping behavior from
sharp minima and its regularization effects. Several novel
analysis and empirical justifications are made as follow.

(1) We derive a key indicator to characterize the efficiency of
escaping from minima through measuring the alignment of
noise covariance and the curvature of loss function. Based
on this indicator, two conditions are established to show
which type of noise structure is superior to isotropic noise
in term of escaping efficiency;

(2) We further justify that SGD in the context of neural
networks satisfies these two conditions, and thus provide
a plausible explanation why SGD can escape from sharp
minima more efficiently, converging to flat minima with a
higher probability. Moreover, these flat minima typically
generalize well according to various works (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). We also show that Langevin
dynamics with well tuned isotropic noise cannot beat SGD,
which further confirms the importance of noise structure of
SGD;

(3) A large number of experiments are designed systemat-
ically to justify our understanding on the behavior of the
anisotropic diffusion of SGD. We compare SGD with full
gradient descent with different types of diffusion noise, in-
cluding isotropic and position-dependent/independent noise.
All these comparisons demonstrate the effectiveness of
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Inspired by the dynamics of GLD (Eq. (3)) and SGD
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Empirical Observation
๏Generalization of different learning dynamics 

The Anisotropic Noise in Stochastic Gradient Descent: Its Behavior of Escaping
from Sharp Minima and Regularization Effects

Zhanxing Zhu * 1 2 3 Jingfeng Wu * 1 Bing Yu 1 Lei Wu 1 Jinwen Ma 1

Abstract
Understanding the behavior of stochastic gradi-
ent descent (SGD) in the context of deep neu-
ral networks has raised lots of concerns recently.
Along this line, we study a general form of gradi-
ent based optimization dynamics with unbiased
noise, which unifies SGD and standard Langevin
dynamics. Through investigating this general op-
timization dynamics, we analyze the behavior of
SGD on escaping from minima and its regulariza-
tion effects. A novel indicator is derived to char-
acterize the efficiency of escaping from minima
through measuring the alignment of noise covari-
ance and the curvature of loss function. Based on
this indicator, two conditions are established to
show which type of noise structure is superior to
isotropic noise in term of escaping efficiency. We
further show that the anisotropic noise in SGD sat-
isfies the two conditions, and thus helps to escape
from sharp and poor minima effectively, towards
more stable and flat minima that typically gener-
alize well. We systematically design various ex-
periments to verify the benefits of the anisotropic
noise, compared with full gradient descent plus
isotropic diffusion (i.e. Langevin dynamics).

1. Introduction
As a successful learning algorithm, stochastic gradient de-
scent (SGD) was originally adopted for dealing with the
computational bottleneck of training neural networks with
large-scale datasets (Bottou, 1991). Its empirical efficiency
and effectiveness have attracted lots of attention. Besides the
aspect of empirical efficiency, recently, researchers started to

*Equal contribution 1School of Mathematical Sciences, Peking
University, Beijing, China 2Center for Data Science, Peking Uni-
versity, Beijing, China 3Beijing Institute of Big Data Research,
Beijing, China. Correspondence to: Zhanxing Zhu <zhanx-
ing.zhu@pku.edu.cn>, Jingfeng Wu <pkuwjf@pku.edu.cn>.

Proceedings of the 36 th
International Conference on Machine

Learning, Long Beach, California, PMLR 97, 2019. Copyright
2019 by the author(s).
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Figure 1. The generalization performance of dynamics in Table 1.
The noise magnitude of SGD, GLD dynamic and GLD diag is
tuned to be the same for fair comparison. The noise of GLD con-
stant is tunded to the best. Left: SVHN. We only use 2, 5000
examples for training to compromise with the computational bur-
den; Right: CIFAR-10. The model is VGG-11 since it achieves
decent performance without using batch normalization, which
causes uncontrollable affects for analyzing SGD.

analyze the optimization behaviors of SGD and its impacts
on generalization.

The optimization properties of SGD have been studied from
various perspectives. The convergence behaviors of SGD for
simple one hidden layer neural networks were investigated
in (Li & Yuan, 2017; Brutzkus et al., 2017). In non-convex
settings, the characterization of how SGD escapes from sta-
tionary points, including saddle points and local minima,
was analyzed in (Daneshmand et al., 2018; Jin et al., 2017;
Hu et al., 2017). On the other hand, in the context of deep
learning, researchers realized that the noise introduced by
SGD impacts the generalization, thanks to the research on
the phenomenon that training with a large batch could cause
a significant drop of test accuracy (Keskar et al., 2017). Par-
ticularly, several works attempted to investigate how the
magnitude of the noise influences the generalization during
the process of SGD optimization, including the batch size
and learning rate (Hoffer et al., 2017; Goyal et al., 2017;
Chaudhari & Soatto, 2017; Jastrzkebski et al., 2017). An-
other line of research interpreted SGD from a Bayesian per-
spective. In (Mandt et al., 2017; Chaudhari & Soatto, 2017),
SGD was interpreted as performing variational inference,
where certain entropic regularization involves to prevent
overfitting. And the work (Smith & Le, 2018) attempted to
provide an understanding based on model evidence. These
explanations are compatible with the flat/sharp minima ar-
gument (Hochreiter & Schmidhuber, 1997; Keskar et al.,
2017), since Bayesian inference tends to targeting the re-

SVHN CIFAR-10

SGD has strong regularization property.



Part 1: The Anisotropic Noise of SGD

Zhu et al. "The Anisotropic Noise in Stochastic Gradient Descent: Its Behavior of Escaping from 
Sharp Minima and Regularization Effects." (ICML 2019).



Flat Minima Conjecture (Keskar et.al 2017)

๏Flatness of minima correlates with  generalization performance  
when implementing standard training (with proper initialization).

Published as a conference paper at ICLR 2017

forth the following as possible causes for this phenomenon: (i) LB methods over-fit the model; (ii)
LB methods are attracted to saddle points; (iii) LB methods lack the explorative properties of SB
methods and tend to zoom-in on the minimizer closest to the initial point; (iv) SB and LB methods
converge to qualitatively different minimizers with differing generalization properties. The data
presented in this paper supports the last two conjectures.

The main observation of this paper is as follows:

The lack of generalization ability is due to the fact that large-batch methods tend to converge
to sharp minimizers of the training function. These minimizers are characterized by a signif-
icant number of large positive eigenvalues in r2f(x), and tend to generalize less well. In
contrast, small-batch methods converge to flat minimizers characterized by having numerous
small eigenvalues of r2f(x). We have observed that the loss function landscape of deep neural
networks is such that large-batch methods are attracted to regions with sharp minimizers and
that, unlike small-batch methods, are unable to escape basins of attraction of these minimizers.

The concept of sharp and flat minimizers have been discussed in the statistics and machine learning
literature. (Hochreiter & Schmidhuber, 1997) (informally) define a flat minimizer x̄ as one for which
the function varies slowly in a relatively large neighborhood of x̄. In contrast, a sharp minimizer x̂
is such that the function increases rapidly in a small neighborhood of x̂. A flat minimum can be de-
scribed with low precision, whereas a sharp minimum requires high precision. The large sensitivity
of the training function at a sharp minimizer negatively impacts the ability of the trained model to
generalize on new data; see Figure 1 for a hypothetical illustration. This can be explained through
the lens of the minimum description length (MDL) theory, which states that statistical models that
require fewer bits to describe (i.e., are of low complexity) generalize better (Rissanen, 1983). Since
flat minimizers can be specified with lower precision than to sharp minimizers, they tend to have bet-
ter generalization performance. Alternative explanations are proffered through the Bayesian view
of learning (MacKay, 1992), and through the lens of free Gibbs energy; see e.g. Chaudhari et al.
(2016).

Flat Minimum Sharp Minimum

Training Function

Testing Function

f(x)

Figure 1: A Conceptual Sketch of Flat and Sharp Minima. The Y-axis indicates value of the loss
function and the X-axis the variables (parameters)

2.2 NUMERICAL EXPERIMENTS

In this section, we present numerical results to support the observations made above. To this end,
we make use of the visualization technique employed by (Goodfellow et al., 2014b) and a proposed
heuristic metric of sharpness (Equation (4)). We consider 6 multi-class classification network con-
figurations for our experiments; they are described in Table 1. The details about the data sets and
network configurations are presented in Appendices A and B respectively. As is common for such
problems, we use the mean cross entropy loss as the objective function f .

The networks were chosen to exemplify popular configurations used in practice like AlexNet
(Krizhevsky et al., 2012) and VGGNet (Simonyan & Zisserman, 2014). Results on other networks

3
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Regularization of SGD

๏The question:


‣ Whether SGD helps to find flat minima that generalize well? 


๏The noise introduced by stochastic gradient matters.


‣ The unique property of SGD’s noise structure.   


‣ Local behavior of SGD: How the noise of SGD escapes from poor sharp 
minima?



SGD Noise

The Anisotropic Noise in Stochastic Gradient Descent

gion with large probability mass, corresponding to the flat
minima.

When analyzing SGD, most of existing works assume the
noise covariance of SGD is constant or upper bounded by
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tic gradient plays in optimization and generalization was
rarely studied in literature. On the other hand, experiments
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like gradient Langevin dynamic (GLD) cannot fully explain
the mystery of the good generalization performance of SGD,
even they are tuned to have the same noise magnitude. Thus
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for fully understanding SGD.
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noise of SGD and its superiority over its isotropic equiv-
alence. Specifically, we study a general form of gradient-
based optimization dynamics with unbiased noise, which
unifies SGD and standard Langevin dynamics. By inves-
tigating the general dynamics, we analyze how the noise
structure of SGD influences the escaping behavior from
sharp minima and its regularization effects. Several novel
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(1) We derive a key indicator to characterize the efficiency of
escaping from minima through measuring the alignment of
noise covariance and the curvature of loss function. Based
on this indicator, two conditions are established to show
which type of noise structure is superior to isotropic noise
in term of escaping efficiency;

(2) We further justify that SGD in the context of neural
networks satisfies these two conditions, and thus provide
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minima more efficiently, converging to flat minima with a
higher probability. Moreover, these flat minima typically
generalize well according to various works (Hochreiter &
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2017; Wu & Zhu, 2017). We also show that Langevin
dynamics with well tuned isotropic noise cannot beat SGD,
which further confirms the importance of noise structure of
SGD;

(3) A large number of experiments are designed systemat-
ically to justify our understanding on the behavior of the
anisotropic diffusion of SGD. We compare SGD with full
gradient descent with different types of diffusion noise, in-
cluding isotropic and position-dependent/independent noise.
All these comparisons demonstrate the effectiveness of
anisotropic diffusion for good generalization in training
neural networks.

2. Background
In general, supervised learning usually involves an optimiza-
tion process of minimizing an empirical loss over training
data,
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for simplicity, e.g. deep networks with cross entropy loss.
Under many circumstances, including deep networks, there
could exist multiple global minima for Eq. (1), exhibiting
diverse generalization performance. We call those solutions
generalizing well good solutions or minima, and vice versa.

Gradient descent and its stochastic variants A typical
approach to minimize Eq. (1) is gradient descent (GD),
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where ⌘ denotes the learning rate and we assume it to be
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hereinafter.

In practice, a more useful kind of gradient based optimiz-
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Inspired by the dynamics of GLD (Eq. (3)) and SGD
(Eq. (6)), more generally, we study the dynamics of gradient
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gion with large probability mass, corresponding to the flat
minima.

When analyzing SGD, most of existing works assume the
noise covariance of SGD is constant or upper bounded by
some constant, and what role the noise structure of stochas-
tic gradient plays in optimization and generalization was
rarely studied in literature. On the other hand, experiments
(Figure 1) show that the isotropic approximation of SGD
like gradient Langevin dynamic (GLD) cannot fully explain
the mystery of the good generalization performance of SGD,
even they are tuned to have the same noise magnitude. Thus
the analysis over the structure of SGD noise is on demand
for fully understanding SGD.

In this work, we take the first step studying the anisotropic
noise of SGD and its superiority over its isotropic equiv-
alence. Specifically, we study a general form of gradient-
based optimization dynamics with unbiased noise, which
unifies SGD and standard Langevin dynamics. By inves-
tigating the general dynamics, we analyze how the noise
structure of SGD influences the escaping behavior from
sharp minima and its regularization effects. Several novel
analysis and empirical justifications are made as follow.

(1) We derive a key indicator to characterize the efficiency of
escaping from minima through measuring the alignment of
noise covariance and the curvature of loss function. Based
on this indicator, two conditions are established to show
which type of noise structure is superior to isotropic noise
in term of escaping efficiency;

(2) We further justify that SGD in the context of neural
networks satisfies these two conditions, and thus provide
a plausible explanation why SGD can escape from sharp
minima more efficiently, converging to flat minima with a
higher probability. Moreover, these flat minima typically
generalize well according to various works (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). We also show that Langevin
dynamics with well tuned isotropic noise cannot beat SGD,
which further confirms the importance of noise structure of
SGD;

(3) A large number of experiments are designed systemat-
ically to justify our understanding on the behavior of the
anisotropic diffusion of SGD. We compare SGD with full
gradient descent with different types of diffusion noise, in-
cluding isotropic and position-dependent/independent noise.
All these comparisons demonstrate the effectiveness of
anisotropic diffusion for good generalization in training
neural networks.

2. Background
In general, supervised learning usually involves an optimiza-
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data,
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RD and ` denotes the combination of the loss and the model
for simplicity, e.g. deep networks with cross entropy loss.
Under many circumstances, including deep networks, there
could exist multiple global minima for Eq. (1), exhibiting
diverse generalization performance. We call those solutions
generalizing well good solutions or minima, and vice versa.

Gradient descent and its stochastic variants A typical
approach to minimize Eq. (1) is gradient descent (GD),

✓t+1 = ✓t � ⌘r✓L(✓t), (2)

where ⌘ denotes the learning rate and we assume it to be
a small constant for the convenience of analysis, similarly
hereinafter.

In practice, a more useful kind of gradient based optimiz-
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Inspired by the dynamics of GLD (Eq. (3)) and SGD
(Eq. (6)), more generally, we study the dynamics of gradient
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gion with large probability mass, corresponding to the flat
minima.

When analyzing SGD, most of existing works assume the
noise covariance of SGD is constant or upper bounded by
some constant, and what role the noise structure of stochas-
tic gradient plays in optimization and generalization was
rarely studied in literature. On the other hand, experiments
(Figure 1) show that the isotropic approximation of SGD
like gradient Langevin dynamic (GLD) cannot fully explain
the mystery of the good generalization performance of SGD,
even they are tuned to have the same noise magnitude. Thus
the analysis over the structure of SGD noise is on demand
for fully understanding SGD.

In this work, we take the first step studying the anisotropic
noise of SGD and its superiority over its isotropic equiv-
alence. Specifically, we study a general form of gradient-
based optimization dynamics with unbiased noise, which
unifies SGD and standard Langevin dynamics. By inves-
tigating the general dynamics, we analyze how the noise
structure of SGD influences the escaping behavior from
sharp minima and its regularization effects. Several novel
analysis and empirical justifications are made as follow.

(1) We derive a key indicator to characterize the efficiency of
escaping from minima through measuring the alignment of
noise covariance and the curvature of loss function. Based
on this indicator, two conditions are established to show
which type of noise structure is superior to isotropic noise
in term of escaping efficiency;

(2) We further justify that SGD in the context of neural
networks satisfies these two conditions, and thus provide
a plausible explanation why SGD can escape from sharp
minima more efficiently, converging to flat minima with a
higher probability. Moreover, these flat minima typically
generalize well according to various works (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). We also show that Langevin
dynamics with well tuned isotropic noise cannot beat SGD,
which further confirms the importance of noise structure of
SGD;

(3) A large number of experiments are designed systemat-
ically to justify our understanding on the behavior of the
anisotropic diffusion of SGD. We compare SGD with full
gradient descent with different types of diffusion noise, in-
cluding isotropic and position-dependent/independent noise.
All these comparisons demonstrate the effectiveness of
anisotropic diffusion for good generalization in training
neural networks.

2. Background
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data,
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where {xi|i = 1, . . . , N} denotes the training set with N

i.i.d. training samples, the model is parameterized by ✓ 2

RD and ` denotes the combination of the loss and the model
for simplicity, e.g. deep networks with cross entropy loss.
Under many circumstances, including deep networks, there
could exist multiple global minima for Eq. (1), exhibiting
diverse generalization performance. We call those solutions
generalizing well good solutions or minima, and vice versa.

Gradient descent and its stochastic variants A typical
approach to minimize Eq. (1) is gradient descent (GD),

✓t+1 = ✓t � ⌘r✓L(✓t), (2)

where ⌘ denotes the learning rate and we assume it to be
a small constant for the convenience of analysis, similarly
hereinafter.

In practice, a more useful kind of gradient based optimiz-
ers act like GD with an unbiased noise, including gradient
Langevin dynamics (GLD),
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where g̃(✓t) = 1
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r✓`(x; ✓t) is an unbiased estima-
tor of the full gradient r✓L(✓t), with Bt being a randomly
selected minibatch of size m. Assume the size of minibatch
m is large enough for the central limit theorem to hold, thus
g̃(✓t) follows a Gaussian distribution (Chen et al., 2014;
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Therefore we can rewrite Eq. (4) as,
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Inspired by the dynamics of GLD (Eq. (3)) and SGD
(Eq. (6)), more generally, we study the dynamics of gradient

descent with unbiased noise,
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gion with large probability mass, corresponding to the flat
minima.

When analyzing SGD, most of existing works assume the
noise covariance of SGD is constant or upper bounded by
some constant, and what role the noise structure of stochas-
tic gradient plays in optimization and generalization was
rarely studied in literature. On the other hand, experiments
(Figure 1) show that the isotropic approximation of SGD
like gradient Langevin dynamic (GLD) cannot fully explain
the mystery of the good generalization performance of SGD,
even they are tuned to have the same noise magnitude. Thus
the analysis over the structure of SGD noise is on demand
for fully understanding SGD.

In this work, we take the first step studying the anisotropic
noise of SGD and its superiority over its isotropic equiv-
alence. Specifically, we study a general form of gradient-
based optimization dynamics with unbiased noise, which
unifies SGD and standard Langevin dynamics. By inves-
tigating the general dynamics, we analyze how the noise
structure of SGD influences the escaping behavior from
sharp minima and its regularization effects. Several novel
analysis and empirical justifications are made as follow.

(1) We derive a key indicator to characterize the efficiency of
escaping from minima through measuring the alignment of
noise covariance and the curvature of loss function. Based
on this indicator, two conditions are established to show
which type of noise structure is superior to isotropic noise
in term of escaping efficiency;

(2) We further justify that SGD in the context of neural
networks satisfies these two conditions, and thus provide
a plausible explanation why SGD can escape from sharp
minima more efficiently, converging to flat minima with a
higher probability. Moreover, these flat minima typically
generalize well according to various works (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). We also show that Langevin
dynamics with well tuned isotropic noise cannot beat SGD,
which further confirms the importance of noise structure of
SGD;

(3) A large number of experiments are designed systemat-
ically to justify our understanding on the behavior of the
anisotropic diffusion of SGD. We compare SGD with full
gradient descent with different types of diffusion noise, in-
cluding isotropic and position-dependent/independent noise.
All these comparisons demonstrate the effectiveness of
anisotropic diffusion for good generalization in training
neural networks.

2. Background
In general, supervised learning usually involves an optimiza-
tion process of minimizing an empirical loss over training
data,

L(✓) :=
1
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i=1

`(xi; ✓), (1)

where {xi|i = 1, . . . , N} denotes the training set with N

i.i.d. training samples, the model is parameterized by ✓ 2

RD and ` denotes the combination of the loss and the model
for simplicity, e.g. deep networks with cross entropy loss.
Under many circumstances, including deep networks, there
could exist multiple global minima for Eq. (1), exhibiting
diverse generalization performance. We call those solutions
generalizing well good solutions or minima, and vice versa.

Gradient descent and its stochastic variants A typical
approach to minimize Eq. (1) is gradient descent (GD),

✓t+1 = ✓t � ⌘r✓L(✓t), (2)

where ⌘ denotes the learning rate and we assume it to be
a small constant for the convenience of analysis, similarly
hereinafter.

In practice, a more useful kind of gradient based optimiz-
ers act like GD with an unbiased noise, including gradient
Langevin dynamics (GLD),

✓t+1 = ✓t � ⌘r✓L(✓t) + ⌘✏t, ✏t ⇠ N
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where g̃(✓t) = 1
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r✓`(x; ✓t) is an unbiased estima-
tor of the full gradient r✓L(✓t), with Bt being a randomly
selected minibatch of size m. Assume the size of minibatch
m is large enough for the central limit theorem to hold, thus
g̃(✓t) follows a Gaussian distribution (Chen et al., 2014;
Ahn et al., 2012; Shang et al., 2015; Mandt et al., 2017),
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Therefore we can rewrite Eq. (4) as,
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Inspired by the dynamics of GLD (Eq. (3)) and SGD
(Eq. (6)), more generally, we study the dynamics of gradient

descent with unbiased noise,

✓t+1 = ✓t � ⌘r✓L(✓t) + ⌘✏t, ✏t ⇠ N (0, ⌃t) . (7)
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Table 1. Compared dynamics defined in Eq. (7). The parameter �t is adjusted to force the noise share the same expected norm as that of
SGD noise, to meet constraint Eq. (14) for fair comparison.

Dynamics Noise ✏t Remarks
SGD ✏t ⇠ N

⇣
0,⌃sgd

t

⌘
⌃sgd

t
is defined as in Eq. (5).

GLD constant ✏t ⇠ N
⇣
0, %2t I

⌘
%t is a tunable constant.

GLD dynamic ✏t ⇠ N
⇣
0,�2

t I

⌘
�t is adjusted to force the noise share the same magnitude with SGD noise,
similarly hereinafter.

GLD diagonal ✏t ⇠ N
⇣
0, diag(⌃sgd

t
)
⌘

diag(⌃sgd
t
) is the diagonal of the covariance of SGD noise ⌃sgd

t
.

GLD leading ✏t ⇠ N
⇣
0,�t⌃̃t

⌘
⌃̃t is a low rank approximation of ⌃sgd

t
, i.e., ⌃̃t =

P
k

i=1 �iviv
T

i , where �i, vi

are the first k leading eigenvalues and corresponding unit eigenvectors of ⌃sgd
t

.
GLD Hessian ✏t ⇠ N

⇣
0,�tH̃t

⌘
H̃t is a low rank approximation of the Hessian matrix of loss L(✓) by its the first
k leading eigenvalues and corresponding eigenvalues.

GLD 1st eigven(H) ✏t ⇠ N
⇣
0,�t�1u1u

T

1

⌘
�1, u1 are the maximal eigenvalue and its corresponding unit eigenvector of the
Hessian matrix of loss L(✓t).

For small enough constant learning rate ⌘, Eq. (7) can
be treated as the numerical discretization of the follow-
ing stochastic differential equation (SDE) (Li et al., 2017;
Jastrzkebski et al., 2017; Chaudhari & Soatto, 2017),

d✓t = �r✓L(✓t) dt +
p

⌘⌃t dWt, (8)

where Wt is a standard Brownian motion in RD.

Let ⌃t = ⌃sgd(✓t) and
p

⌘⌃sgd(✓t) be the coefficient of the
the noise term, Hoffer et al. (2017) and Jastrzkebski et al.
(2017) studied the generalization influence of the magnitude
of the SGD noise, which is controlled by the quotient of
learning rate and batch size, ⌘

m
.

Different from previous works either assuming the noise
of SGD is constant or upper bounded by some constant,
we are the first to study SGD from the perspective of its
noise structure. In the following sections, we first show that
for dynamics Eq. (8), the structure of ⌃t indeed affects the
escaping from minima, especially for the sharp ones con-
taining rich curvature information; and then we demonstrate
that for neural networks, the noise of SGD is closely related
to the Hessian of loss surface. Hence we conclude that SGD
can escape from sharp minima much faster than its isotropic
equivalence, and converge to flatter minima which tend to
generalize better. Finally we verify our understanding by
numerous experiments.

3. The behaviors of escaping from minima
To ease the notation, we absorb ⌘ into ⌃t in Eq. (8),

d✓t = �r✓L(✓t) dt + ⌃
1
2
t

dWt. (9)

We now analyze the escaping behaviors of dynamics Eq. (9)
with different choices of noise structures, i.e., ⌃t.

3.1. The escaping efficiency

We define the escaping efficiency as the expected increase
of the potential or the loss.

Definition 1 (Escaping efficiency). Suppose we start the

dynamics of Eq. (9) from the minimum ✓0, then for a fixed

time t small enough (such that L(✓t) � L(✓0) � 0), we call

E✓t [L(✓t) � L(✓0)] (10)

the escaping efficiency.

There are two remarks about the definition of escaping
efficiency. Firstly it characterizes the ability of the dy-
namic escaping from the minimum ✓0. Secondly because
L(✓t) � L(✓0) � 0, for any � > 0, the escaping probability
P (L(✓t) � L(✓0) � �) can be upper bounded by the ex-
pectation E[L(✓t) � L(✓0)], given the Markov’s inequality,
P (L(✓t) � L(✓0) � �)  E[L(✓t)�L(✓0)]

�
.

Now we calculate the escape efficiency of dynamics Eq. (9).
Provided that the mild smoothness assumptions for Ito’s
lemma holds, we have

E[L(✓t)�L(✓0)] = �

Z
t

0
E
h
rL

T
rL

i
+

Z
t

0

1

2
ETr(Ht⌃t) dt,

(11)
where Ht := r

2
✓
L(✓t) is the Hessian of L(✓t). The deriva-

tion of Eq. (11) is provided in Supplementary Materials.

Generally, the escaping efficiency characterized by Eq. (11)
is hard to analyze due to the intractableness of the integral.
Nonetheless, focusing on the locally escaping process, we
take the second-order approximation near the minima ✓0,
where L(✓) ⇡ L(✓0) + 1

2 (✓ � ✓0)T
H(✓ � ✓0). Without

loss of generality, let ✓0 = 0. Further, assume H is a
positive definite matrix and the diffusion covariance matrix
⌃t = ⌃ is constant for t. Then Eq. (9) becomes an Ornstein-
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gion with large probability mass, corresponding to the flat
minima.

When analyzing SGD, most of existing works assume the
noise covariance of SGD is constant or upper bounded by
some constant, and what role the noise structure of stochas-
tic gradient plays in optimization and generalization was
rarely studied in literature. On the other hand, experiments
(Figure 1) show that the isotropic approximation of SGD
like gradient Langevin dynamic (GLD) cannot fully explain
the mystery of the good generalization performance of SGD,
even they are tuned to have the same noise magnitude. Thus
the analysis over the structure of SGD noise is on demand
for fully understanding SGD.

In this work, we take the first step studying the anisotropic
noise of SGD and its superiority over its isotropic equiv-
alence. Specifically, we study a general form of gradient-
based optimization dynamics with unbiased noise, which
unifies SGD and standard Langevin dynamics. By inves-
tigating the general dynamics, we analyze how the noise
structure of SGD influences the escaping behavior from
sharp minima and its regularization effects. Several novel
analysis and empirical justifications are made as follow.

(1) We derive a key indicator to characterize the efficiency of
escaping from minima through measuring the alignment of
noise covariance and the curvature of loss function. Based
on this indicator, two conditions are established to show
which type of noise structure is superior to isotropic noise
in term of escaping efficiency;

(2) We further justify that SGD in the context of neural
networks satisfies these two conditions, and thus provide
a plausible explanation why SGD can escape from sharp
minima more efficiently, converging to flat minima with a
higher probability. Moreover, these flat minima typically
generalize well according to various works (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). We also show that Langevin
dynamics with well tuned isotropic noise cannot beat SGD,
which further confirms the importance of noise structure of
SGD;

(3) A large number of experiments are designed systemat-
ically to justify our understanding on the behavior of the
anisotropic diffusion of SGD. We compare SGD with full
gradient descent with different types of diffusion noise, in-
cluding isotropic and position-dependent/independent noise.
All these comparisons demonstrate the effectiveness of
anisotropic diffusion for good generalization in training
neural networks.

2. Background
In general, supervised learning usually involves an optimiza-
tion process of minimizing an empirical loss over training
data,

L(✓) :=
1
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`(xi; ✓), (1)

where {xi|i = 1, . . . , N} denotes the training set with N

i.i.d. training samples, the model is parameterized by ✓ 2

RD and ` denotes the combination of the loss and the model
for simplicity, e.g. deep networks with cross entropy loss.
Under many circumstances, including deep networks, there
could exist multiple global minima for Eq. (1), exhibiting
diverse generalization performance. We call those solutions
generalizing well good solutions or minima, and vice versa.

Gradient descent and its stochastic variants A typical
approach to minimize Eq. (1) is gradient descent (GD),

✓t+1 = ✓t � ⌘r✓L(✓t), (2)

where ⌘ denotes the learning rate and we assume it to be
a small constant for the convenience of analysis, similarly
hereinafter.

In practice, a more useful kind of gradient based optimiz-
ers act like GD with an unbiased noise, including gradient
Langevin dynamics (GLD),
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where g̃(✓t) = 1
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r✓`(x; ✓t) is an unbiased estima-
tor of the full gradient r✓L(✓t), with Bt being a randomly
selected minibatch of size m. Assume the size of minibatch
m is large enough for the central limit theorem to hold, thus
g̃(✓t) follows a Gaussian distribution (Chen et al., 2014;
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Inspired by the dynamics of GLD (Eq. (3)) and SGD
(Eq. (6)), more generally, we study the dynamics of gradient

descent with unbiased noise,

✓t+1 = ✓t � ⌘r✓L(✓t) + ⌘✏t, ✏t ⇠ N (0, ⌃t) . (7)
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Table 1. Compared dynamics defined in Eq. (7). The parameter �t is adjusted to force the noise share the same expected norm as that of
SGD noise, to meet constraint Eq. (14) for fair comparison.

Dynamics Noise ✏t Remarks
SGD ✏t ⇠ N

⇣
0,⌃sgd

t

⌘
⌃sgd

t
is defined as in Eq. (5).

GLD constant ✏t ⇠ N
⇣
0, %2t I

⌘
%t is a tunable constant.

GLD dynamic ✏t ⇠ N
⇣
0,�2

t I

⌘
�t is adjusted to force the noise share the same magnitude with SGD noise,
similarly hereinafter.

GLD diagonal ✏t ⇠ N
⇣
0, diag(⌃sgd

t
)
⌘

diag(⌃sgd
t
) is the diagonal of the covariance of SGD noise ⌃sgd

t
.

GLD leading ✏t ⇠ N
⇣
0,�t⌃̃t

⌘
⌃̃t is a low rank approximation of ⌃sgd

t
, i.e., ⌃̃t =

P
k

i=1 �iviv
T

i , where �i, vi

are the first k leading eigenvalues and corresponding unit eigenvectors of ⌃sgd
t

.
GLD Hessian ✏t ⇠ N

⇣
0,�tH̃t

⌘
H̃t is a low rank approximation of the Hessian matrix of loss L(✓) by its the first
k leading eigenvalues and corresponding eigenvalues.

GLD 1st eigven(H) ✏t ⇠ N
⇣
0,�t�1u1u

T

1

⌘
�1, u1 are the maximal eigenvalue and its corresponding unit eigenvector of the
Hessian matrix of loss L(✓t).

For small enough constant learning rate ⌘, Eq. (7) can
be treated as the numerical discretization of the follow-
ing stochastic differential equation (SDE) (Li et al., 2017;
Jastrzkebski et al., 2017; Chaudhari & Soatto, 2017),

d✓t = �r✓L(✓t) dt +
p

⌘⌃t dWt, (8)

where Wt is a standard Brownian motion in RD.

Let ⌃t = ⌃sgd(✓t) and
p

⌘⌃sgd(✓t) be the coefficient of the
the noise term, Hoffer et al. (2017) and Jastrzkebski et al.
(2017) studied the generalization influence of the magnitude
of the SGD noise, which is controlled by the quotient of
learning rate and batch size, ⌘

m
.

Different from previous works either assuming the noise
of SGD is constant or upper bounded by some constant,
we are the first to study SGD from the perspective of its
noise structure. In the following sections, we first show that
for dynamics Eq. (8), the structure of ⌃t indeed affects the
escaping from minima, especially for the sharp ones con-
taining rich curvature information; and then we demonstrate
that for neural networks, the noise of SGD is closely related
to the Hessian of loss surface. Hence we conclude that SGD
can escape from sharp minima much faster than its isotropic
equivalence, and converge to flatter minima which tend to
generalize better. Finally we verify our understanding by
numerous experiments.

3. The behaviors of escaping from minima
To ease the notation, we absorb ⌘ into ⌃t in Eq. (8),

d✓t = �r✓L(✓t) dt + ⌃
1
2
t

dWt. (9)

We now analyze the escaping behaviors of dynamics Eq. (9)
with different choices of noise structures, i.e., ⌃t.

3.1. The escaping efficiency

We define the escaping efficiency as the expected increase
of the potential or the loss.

Definition 1 (Escaping efficiency). Suppose we start the

dynamics of Eq. (9) from the minimum ✓0, then for a fixed

time t small enough (such that L(✓t) � L(✓0) � 0), we call

E✓t [L(✓t) � L(✓0)] (10)

the escaping efficiency.

There are two remarks about the definition of escaping
efficiency. Firstly it characterizes the ability of the dy-
namic escaping from the minimum ✓0. Secondly because
L(✓t) � L(✓0) � 0, for any � > 0, the escaping probability
P (L(✓t) � L(✓0) � �) can be upper bounded by the ex-
pectation E[L(✓t) � L(✓0)], given the Markov’s inequality,
P (L(✓t) � L(✓0) � �)  E[L(✓t)�L(✓0)]

�
.

Now we calculate the escape efficiency of dynamics Eq. (9).
Provided that the mild smoothness assumptions for Ito’s
lemma holds, we have

E[L(✓t)�L(✓0)] = �

Z
t

0
E
h
rL

T
rL

i
+

Z
t

0

1

2
ETr(Ht⌃t) dt,

(11)
where Ht := r

2
✓
L(✓t) is the Hessian of L(✓t). The deriva-

tion of Eq. (11) is provided in Supplementary Materials.

Generally, the escaping efficiency characterized by Eq. (11)
is hard to analyze due to the intractableness of the integral.
Nonetheless, focusing on the locally escaping process, we
take the second-order approximation near the minima ✓0,
where L(✓) ⇡ L(✓0) + 1

2 (✓ � ✓0)T
H(✓ � ✓0). Without

loss of generality, let ✓0 = 0. Further, assume H is a
positive definite matrix and the diffusion covariance matrix
⌃t = ⌃ is constant for t. Then Eq. (9) becomes an Ornstein-
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Table 1. Compared dynamics defined in Eq. (7). The parameter �t is adjusted to force the noise share the same expected norm as that of
SGD noise, to meet constraint Eq. (14) for fair comparison.
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where Wt is a standard Brownian motion in RD.

Let ⌃t = ⌃sgd(✓t) and
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⌘⌃sgd(✓t) be the coefficient of the
the noise term, Hoffer et al. (2017) and Jastrzkebski et al.
(2017) studied the generalization influence of the magnitude
of the SGD noise, which is controlled by the quotient of
learning rate and batch size, ⌘
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Different from previous works either assuming the noise
of SGD is constant or upper bounded by some constant,
we are the first to study SGD from the perspective of its
noise structure. In the following sections, we first show that
for dynamics Eq. (8), the structure of ⌃t indeed affects the
escaping from minima, especially for the sharp ones con-
taining rich curvature information; and then we demonstrate
that for neural networks, the noise of SGD is closely related
to the Hessian of loss surface. Hence we conclude that SGD
can escape from sharp minima much faster than its isotropic
equivalence, and converge to flatter minima which tend to
generalize better. Finally we verify our understanding by
numerous experiments.

3. The behaviors of escaping from minima
To ease the notation, we absorb ⌘ into ⌃t in Eq. (8),
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We now analyze the escaping behaviors of dynamics Eq. (9)
with different choices of noise structures, i.e., ⌃t.
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We define the escaping efficiency as the expected increase
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Definition 1 (Escaping efficiency). Suppose we start the
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time t small enough (such that L(✓t) � L(✓0) � 0), we call
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the escaping efficiency.

There are two remarks about the definition of escaping
efficiency. Firstly it characterizes the ability of the dy-
namic escaping from the minimum ✓0. Secondly because
L(✓t) � L(✓0) � 0, for any � > 0, the escaping probability
P (L(✓t) � L(✓0) � �) can be upper bounded by the ex-
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L(✓t) is the Hessian of L(✓t). The deriva-

tion of Eq. (11) is provided in Supplementary Materials.

Generally, the escaping efficiency characterized by Eq. (11)
is hard to analyze due to the intractableness of the integral.
Nonetheless, focusing on the locally escaping process, we
take the second-order approximation near the minima ✓0,
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positive definite matrix and the diffusion covariance matrix
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Table 1. Compared dynamics defined in Eq. (7). The parameter �t is adjusted to force the noise share the same expected norm as that of
SGD noise, to meet constraint Eq. (14) for fair comparison.
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For small enough constant learning rate ⌘, Eq. (7) can
be treated as the numerical discretization of the follow-
ing stochastic differential equation (SDE) (Li et al., 2017;
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(2017) studied the generalization influence of the magnitude
of the SGD noise, which is controlled by the quotient of
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Different from previous works either assuming the noise
of SGD is constant or upper bounded by some constant,
we are the first to study SGD from the perspective of its
noise structure. In the following sections, we first show that
for dynamics Eq. (8), the structure of ⌃t indeed affects the
escaping from minima, especially for the sharp ones con-
taining rich curvature information; and then we demonstrate
that for neural networks, the noise of SGD is closely related
to the Hessian of loss surface. Hence we conclude that SGD
can escape from sharp minima much faster than its isotropic
equivalence, and converge to flatter minima which tend to
generalize better. Finally we verify our understanding by
numerous experiments.

3. The behaviors of escaping from minima
To ease the notation, we absorb ⌘ into ⌃t in Eq. (8),
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1
2
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dWt. (9)

We now analyze the escaping behaviors of dynamics Eq. (9)
with different choices of noise structures, i.e., ⌃t.

3.1. The escaping efficiency

We define the escaping efficiency as the expected increase
of the potential or the loss.

Definition 1 (Escaping efficiency). Suppose we start the

dynamics of Eq. (9) from the minimum ✓0, then for a fixed

time t small enough (such that L(✓t) � L(✓0) � 0), we call

E✓t [L(✓t) � L(✓0)] (10)

the escaping efficiency.

There are two remarks about the definition of escaping
efficiency. Firstly it characterizes the ability of the dy-
namic escaping from the minimum ✓0. Secondly because
L(✓t) � L(✓0) � 0, for any � > 0, the escaping probability
P (L(✓t) � L(✓0) � �) can be upper bounded by the ex-
pectation E[L(✓t) � L(✓0)], given the Markov’s inequality,
P (L(✓t) � L(✓0) � �)  E[L(✓t)�L(✓0)]
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.

Now we calculate the escape efficiency of dynamics Eq. (9).
Provided that the mild smoothness assumptions for Ito’s
lemma holds, we have

E[L(✓t)�L(✓0)] = �
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0
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+
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(11)
where Ht := r

2
✓
L(✓t) is the Hessian of L(✓t). The deriva-

tion of Eq. (11) is provided in Supplementary Materials.

Generally, the escaping efficiency characterized by Eq. (11)
is hard to analyze due to the intractableness of the integral.
Nonetheless, focusing on the locally escaping process, we
take the second-order approximation near the minima ✓0,
where L(✓) ⇡ L(✓0) + 1

2 (✓ � ✓0)T
H(✓ � ✓0). Without

loss of generality, let ✓0 = 0. Further, assume H is a
positive definite matrix and the diffusion covariance matrix
⌃t = ⌃ is constant for t. Then Eq. (9) becomes an Ornstein-
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Uhlenbeck process,

d✓t = �H✓t dt + ⌃
1
2 dWt, ✓0 = 0. (12)

The escaping efficiency of Eq. (12) could be explicitly ob-
tained as

E[L(✓t)�L(✓0)] =
1

4
Tr

✓⇣
I � e

�2Ht

⌘
⌃

◆
⇡

t

2
Tr (H⌃) .

(13)
We defer the derivation to Supplementary Materials.

Eq. (11) and Eq. (13) characterize the escaping efficiency
of general process and Ornstein-Uhlenbeck process respec-
tively, and they clearly show that the indicator Tr(Ht⌃t)
plays an crucial role for stochastic processes escaping from
minima. Since we only care about the locally escaping be-
havior near the minima, we could directly analyze this key
indicator Tr(Ht⌃t), in order to understand the importance
of noise structure ⌃t for escaping.

3.2. Anisotropic noise helps escape from sharp minima

Now we study what factors affect the locally escaping be-
haviors by analyzing the indicator Tr(Ht⌃t).

The magnitude of noise Clearly, the magnitude of the
noise affects the escaping efficiency and larger magnitude
leads to faster escape. Along this line, Hoffer et al. (2017)
and Jastrzkebski et al. (2017) studied the generalization
influence of the magnitude of the SGD noise, which is
controlled by the quotient of learning rate and batch size.

Hence to explore the role of the noise structure, we must
eliminate the impact of noise magnitude for fair compari-
son. One reasonable evaluation of the noise magnitude is
the expected squared norm of the noise vector (Li et al.,
2017): suppose ✏t ⇠ N (0, ⌃t), z ⇠ N (0, I) and the eigen
decomposition of ⌃t is ⌃t = V �V

T , then

k✏tktrace := E[✏T

t
✏t] = E[(V

p

�z)T (V
p

�z)] = E[zT �z]

= ETr(�zz
T ) = TrE[�zz

T ] = Tr(⌃t).

Based on such measure of magnitude, we introduce the
following important trace constraint,

given time t, Tr(⌃t) is constant. (14)

From the statistical physics point of view, Tr(⌃t) character-
izes the kinetic energy (Gardiner, 2018), thus it is natural
to force the energy to be unchanging, otherwise it is trivial
that the higher the energy is, the less stable the system is.

The ill-conditioning of minima Consider the isotropic
minima where the Hessian is Ht = �I , our escaping indica-
tor becomes Tr(Ht⌃t) = �Tr⌃t, which is invariant under

constraint Eq. (14). Thus the noise structure has no impact
on escaping from isotropic minima. However, for the min-
ima where the Hessian is highly ill-conditioned, which is
the typical case in practical over-parameterized neural net-
works (Sagun et al., 2017), the noise structure could cause
huge difference on escaping behaviors, as analyzed below.

The structure of noise For semi-positive definite Ht, ⌃t

and assuming Ht has distinguished top eigenvalues, to
achieve the maximum of Tr(Ht⌃t) under constraint Eq.(14),
⌃t should be ⌃⇤

t
= (Tr⌃t) · u1u

T

1 , where u1 is the first
unit eigenvector of Ht. Note this rank-1 matrix ⌃⇤

t
is

highly anisotropic. More generally, the following Proposi-
tion 1 characterizes one kind of anisotropic noise signifi-
cantly outperforming its isotropic equivalence, given H is
ill-conditioned.

Proposition 1 (The benefits of anisotropic noise). Assume

HD⇥D and ⌃D⇥D are semi-positive definite. If

(1) H is ill-conditioned. Let �1 � �2 � . . . ,� �D � 0 be

the eigenvalues of H in descent order, and for some constant

k ⌧ D and d >
1
2 ,

�1 > 0, �k+1, �k+2, . . . , �D < �1D
�d; (15)

(2) ⌃ is “aligned” with H . Let ui be the corresponding unit

eigenvector of eigenvalue �i, for some projection coefficient

a > 0,

u
T

1 ⌃u1 � a�1
Tr⌃

TrH
; (16)

then for such ⌃ and its isotropic equivalence ⌃̄ = Tr⌃
D

I un-

der constraint Eq. (14), we have the follow ratio describing

their difference in term of escaping efficiency,

Tr (H⌃)

Tr(H⌃̄)
= O

⇣
aD

(2d�1)
⌘

, d >
1

2
. (17)

The first condition Eq. (15) characterizes the illness of H .
To give some geometric intuitions on the second condi-
tion Eq. (16), let the maximal eigenvalue and its corre-
sponding unit eigenvector of ⌃ be �1, v1, then u

T

1 ⌃u1 �

u
T

1 v1�1v
T

1 u1 = �1 hu1, v1i
2. Thus if the maximal eigen-

values of H and ⌃ are aligned in proportion, �1/Tr⌃ �

a1�1/TrH , and the angle of their corresponding unit eigen-
vectors is close enough such that hu1, v1i � a2, the second
condition Eq. (16) holds for a = a1a2.

Typically, in the scenario of modern neural networks, due
to the over-parameterization, Hessian and the gradient co-
variance are usually ill-conditioned and anisotropic near
minima (Sagun et al., 2017; Chaudhari & Soatto, 2017).
Thus the first condition in Proposition 1 usually holds for
neural networks, and we further justify it by experiments
in Section 5.3. In the next section, we turn to discuss how

Hessian

IndicatorOrnstein–Uhlenbeck process
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Uhlenbeck process,
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tively, and they clearly show that the indicator Tr(Ht⌃t)
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minima. Since we only care about the locally escaping be-
havior near the minima, we could directly analyze this key
indicator Tr(Ht⌃t), in order to understand the importance
of noise structure ⌃t for escaping.

3.2. Anisotropic noise helps escape from sharp minima

Now we study what factors affect the locally escaping be-
haviors by analyzing the indicator Tr(Ht⌃t).
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noise affects the escaping efficiency and larger magnitude
leads to faster escape. Along this line, Hoffer et al. (2017)
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influence of the magnitude of the SGD noise, which is
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to force the energy to be unchanging, otherwise it is trivial
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eigenvector of eigenvalue �i, for some projection coefficient
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then for such ⌃ and its isotropic equivalence ⌃̄ = Tr⌃
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The first condition Eq. (15) characterizes the illness of H .
To give some geometric intuitions on the second condi-
tion Eq. (16), let the maximal eigenvalue and its corre-
sponding unit eigenvector of ⌃ be �1, v1, then u

T

1 ⌃u1 �

u
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1 v1�1v
T

1 u1 = �1 hu1, v1i
2. Thus if the maximal eigen-

values of H and ⌃ are aligned in proportion, �1/Tr⌃ �

a1�1/TrH , and the angle of their corresponding unit eigen-
vectors is close enough such that hu1, v1i � a2, the second
condition Eq. (16) holds for a = a1a2.

Typically, in the scenario of modern neural networks, due
to the over-parameterization, Hessian and the gradient co-
variance are usually ill-conditioned and anisotropic near
minima (Sagun et al., 2017; Chaudhari & Soatto, 2017).
Thus the first condition in Proposition 1 usually holds for
neural networks, and we further justify it by experiments
in Section 5.3. In the next section, we turn to discuss how
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Eq. (11) and Eq. (13) characterize the escaping efficiency
of general process and Ornstein-Uhlenbeck process respec-
tively, and they clearly show that the indicator Tr(Ht⌃t)
plays an crucial role for stochastic processes escaping from
minima. Since we only care about the locally escaping be-
havior near the minima, we could directly analyze this key
indicator Tr(Ht⌃t), in order to understand the importance
of noise structure ⌃t for escaping.

3.2. Anisotropic noise helps escape from sharp minima

Now we study what factors affect the locally escaping be-
haviors by analyzing the indicator Tr(Ht⌃t).

The magnitude of noise Clearly, the magnitude of the
noise affects the escaping efficiency and larger magnitude
leads to faster escape. Along this line, Hoffer et al. (2017)
and Jastrzkebski et al. (2017) studied the generalization
influence of the magnitude of the SGD noise, which is
controlled by the quotient of learning rate and batch size.

Hence to explore the role of the noise structure, we must
eliminate the impact of noise magnitude for fair compari-
son. One reasonable evaluation of the noise magnitude is
the expected squared norm of the noise vector (Li et al.,
2017): suppose ✏t ⇠ N (0, ⌃t), z ⇠ N (0, I) and the eigen
decomposition of ⌃t is ⌃t = V �V

T , then
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Based on such measure of magnitude, we introduce the
following important trace constraint,

given time t, Tr(⌃t) is constant. (14)

From the statistical physics point of view, Tr(⌃t) character-
izes the kinetic energy (Gardiner, 2018), thus it is natural
to force the energy to be unchanging, otherwise it is trivial
that the higher the energy is, the less stable the system is.

The ill-conditioning of minima Consider the isotropic
minima where the Hessian is Ht = �I , our escaping indica-
tor becomes Tr(Ht⌃t) = �Tr⌃t, which is invariant under

constraint Eq. (14). Thus the noise structure has no impact
on escaping from isotropic minima. However, for the min-
ima where the Hessian is highly ill-conditioned, which is
the typical case in practical over-parameterized neural net-
works (Sagun et al., 2017), the noise structure could cause
huge difference on escaping behaviors, as analyzed below.

The structure of noise For semi-positive definite Ht, ⌃t

and assuming Ht has distinguished top eigenvalues, to
achieve the maximum of Tr(Ht⌃t) under constraint Eq.(14),
⌃t should be ⌃⇤

t
= (Tr⌃t) · u1u

T

1 , where u1 is the first
unit eigenvector of Ht. Note this rank-1 matrix ⌃⇤

t
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highly anisotropic. More generally, the following Proposi-
tion 1 characterizes one kind of anisotropic noise signifi-
cantly outperforming its isotropic equivalence, given H is
ill-conditioned.

Proposition 1 (The benefits of anisotropic noise). Assume

HD⇥D and ⌃D⇥D are semi-positive definite. If

(1) H is ill-conditioned. Let �1 � �2 � . . . ,� �D � 0 be

the eigenvalues of H in descent order, and for some constant

k ⌧ D and d >
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(2) ⌃ is “aligned” with H . Let ui be the corresponding unit

eigenvector of eigenvalue �i, for some projection coefficient
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then for such ⌃ and its isotropic equivalence ⌃̄ = Tr⌃
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der constraint Eq. (14), we have the follow ratio describing

their difference in term of escaping efficiency,
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The first condition Eq. (15) characterizes the illness of H .
To give some geometric intuitions on the second condi-
tion Eq. (16), let the maximal eigenvalue and its corre-
sponding unit eigenvector of ⌃ be �1, v1, then u

T

1 ⌃u1 �
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T

1 v1�1v
T

1 u1 = �1 hu1, v1i
2. Thus if the maximal eigen-

values of H and ⌃ are aligned in proportion, �1/Tr⌃ �

a1�1/TrH , and the angle of their corresponding unit eigen-
vectors is close enough such that hu1, v1i � a2, the second
condition Eq. (16) holds for a = a1a2.

Typically, in the scenario of modern neural networks, due
to the over-parameterization, Hessian and the gradient co-
variance are usually ill-conditioned and anisotropic near
minima (Sagun et al., 2017; Chaudhari & Soatto, 2017).
Thus the first condition in Proposition 1 usually holds for
neural networks, and we further justify it by experiments
in Section 5.3. In the next section, we turn to discuss how
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Eq. (11) and Eq. (13) characterize the escaping efficiency
of general process and Ornstein-Uhlenbeck process respec-
tively, and they clearly show that the indicator Tr(Ht⌃t)
plays an crucial role for stochastic processes escaping from
minima. Since we only care about the locally escaping be-
havior near the minima, we could directly analyze this key
indicator Tr(Ht⌃t), in order to understand the importance
of noise structure ⌃t for escaping.

3.2. Anisotropic noise helps escape from sharp minima

Now we study what factors affect the locally escaping be-
haviors by analyzing the indicator Tr(Ht⌃t).

The magnitude of noise Clearly, the magnitude of the
noise affects the escaping efficiency and larger magnitude
leads to faster escape. Along this line, Hoffer et al. (2017)
and Jastrzkebski et al. (2017) studied the generalization
influence of the magnitude of the SGD noise, which is
controlled by the quotient of learning rate and batch size.

Hence to explore the role of the noise structure, we must
eliminate the impact of noise magnitude for fair compari-
son. One reasonable evaluation of the noise magnitude is
the expected squared norm of the noise vector (Li et al.,
2017): suppose ✏t ⇠ N (0, ⌃t), z ⇠ N (0, I) and the eigen
decomposition of ⌃t is ⌃t = V �V
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Based on such measure of magnitude, we introduce the
following important trace constraint,

given time t, Tr(⌃t) is constant. (14)

From the statistical physics point of view, Tr(⌃t) character-
izes the kinetic energy (Gardiner, 2018), thus it is natural
to force the energy to be unchanging, otherwise it is trivial
that the higher the energy is, the less stable the system is.

The ill-conditioning of minima Consider the isotropic
minima where the Hessian is Ht = �I , our escaping indica-
tor becomes Tr(Ht⌃t) = �Tr⌃t, which is invariant under

constraint Eq. (14). Thus the noise structure has no impact
on escaping from isotropic minima. However, for the min-
ima where the Hessian is highly ill-conditioned, which is
the typical case in practical over-parameterized neural net-
works (Sagun et al., 2017), the noise structure could cause
huge difference on escaping behaviors, as analyzed below.

The structure of noise For semi-positive definite Ht, ⌃t

and assuming Ht has distinguished top eigenvalues, to
achieve the maximum of Tr(Ht⌃t) under constraint Eq.(14),
⌃t should be ⌃⇤
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= (Tr⌃t) · u1u

T

1 , where u1 is the first
unit eigenvector of Ht. Note this rank-1 matrix ⌃⇤

t
is

highly anisotropic. More generally, the following Proposi-
tion 1 characterizes one kind of anisotropic noise signifi-
cantly outperforming its isotropic equivalence, given H is
ill-conditioned.

Proposition 1 (The benefits of anisotropic noise). Assume

HD⇥D and ⌃D⇥D are semi-positive definite. If

(1) H is ill-conditioned. Let �1 � �2 � . . . ,� �D � 0 be

the eigenvalues of H in descent order, and for some constant

k ⌧ D and d >
1
2 ,

�1 > 0, �k+1, �k+2, . . . , �D < �1D
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(2) ⌃ is “aligned” with H . Let ui be the corresponding unit

eigenvector of eigenvalue �i, for some projection coefficient
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then for such ⌃ and its isotropic equivalence ⌃̄ = Tr⌃
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der constraint Eq. (14), we have the follow ratio describing
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The first condition Eq. (15) characterizes the illness of H .
To give some geometric intuitions on the second condi-
tion Eq. (16), let the maximal eigenvalue and its corre-
sponding unit eigenvector of ⌃ be �1, v1, then u

T

1 ⌃u1 �

u
T

1 v1�1v
T

1 u1 = �1 hu1, v1i
2. Thus if the maximal eigen-

values of H and ⌃ are aligned in proportion, �1/Tr⌃ �

a1�1/TrH , and the angle of their corresponding unit eigen-
vectors is close enough such that hu1, v1i � a2, the second
condition Eq. (16) holds for a = a1a2.

Typically, in the scenario of modern neural networks, due
to the over-parameterization, Hessian and the gradient co-
variance are usually ill-conditioned and anisotropic near
minima (Sagun et al., 2017; Chaudhari & Soatto, 2017).
Thus the first condition in Proposition 1 usually holds for
neural networks, and we further justify it by experiments
in Section 5.3. In the next section, we turn to discuss how
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Eq. (11) and Eq. (13) characterize the escaping efficiency
of general process and Ornstein-Uhlenbeck process respec-
tively, and they clearly show that the indicator Tr(Ht⌃t)
plays an crucial role for stochastic processes escaping from
minima. Since we only care about the locally escaping be-
havior near the minima, we could directly analyze this key
indicator Tr(Ht⌃t), in order to understand the importance
of noise structure ⌃t for escaping.

3.2. Anisotropic noise helps escape from sharp minima

Now we study what factors affect the locally escaping be-
haviors by analyzing the indicator Tr(Ht⌃t).

The magnitude of noise Clearly, the magnitude of the
noise affects the escaping efficiency and larger magnitude
leads to faster escape. Along this line, Hoffer et al. (2017)
and Jastrzkebski et al. (2017) studied the generalization
influence of the magnitude of the SGD noise, which is
controlled by the quotient of learning rate and batch size.

Hence to explore the role of the noise structure, we must
eliminate the impact of noise magnitude for fair compari-
son. One reasonable evaluation of the noise magnitude is
the expected squared norm of the noise vector (Li et al.,
2017): suppose ✏t ⇠ N (0, ⌃t), z ⇠ N (0, I) and the eigen
decomposition of ⌃t is ⌃t = V �V
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Based on such measure of magnitude, we introduce the
following important trace constraint,

given time t, Tr(⌃t) is constant. (14)

From the statistical physics point of view, Tr(⌃t) character-
izes the kinetic energy (Gardiner, 2018), thus it is natural
to force the energy to be unchanging, otherwise it is trivial
that the higher the energy is, the less stable the system is.

The ill-conditioning of minima Consider the isotropic
minima where the Hessian is Ht = �I , our escaping indica-
tor becomes Tr(Ht⌃t) = �Tr⌃t, which is invariant under

constraint Eq. (14). Thus the noise structure has no impact
on escaping from isotropic minima. However, for the min-
ima where the Hessian is highly ill-conditioned, which is
the typical case in practical over-parameterized neural net-
works (Sagun et al., 2017), the noise structure could cause
huge difference on escaping behaviors, as analyzed below.

The structure of noise For semi-positive definite Ht, ⌃t

and assuming Ht has distinguished top eigenvalues, to
achieve the maximum of Tr(Ht⌃t) under constraint Eq.(14),
⌃t should be ⌃⇤

t
= (Tr⌃t) · u1u

T

1 , where u1 is the first
unit eigenvector of Ht. Note this rank-1 matrix ⌃⇤

t
is

highly anisotropic. More generally, the following Proposi-
tion 1 characterizes one kind of anisotropic noise signifi-
cantly outperforming its isotropic equivalence, given H is
ill-conditioned.

Proposition 1 (The benefits of anisotropic noise). Assume

HD⇥D and ⌃D⇥D are semi-positive definite. If

(1) H is ill-conditioned. Let �1 � �2 � . . . ,� �D � 0 be

the eigenvalues of H in descent order, and for some constant

k ⌧ D and d >
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(2) ⌃ is “aligned” with H . Let ui be the corresponding unit
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; (16)

then for such ⌃ and its isotropic equivalence ⌃̄ = Tr⌃
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The first condition Eq. (15) characterizes the illness of H .
To give some geometric intuitions on the second condi-
tion Eq. (16), let the maximal eigenvalue and its corre-
sponding unit eigenvector of ⌃ be �1, v1, then u

T
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T
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2. Thus if the maximal eigen-

values of H and ⌃ are aligned in proportion, �1/Tr⌃ �

a1�1/TrH , and the angle of their corresponding unit eigen-
vectors is close enough such that hu1, v1i � a2, the second
condition Eq. (16) holds for a = a1a2.

Typically, in the scenario of modern neural networks, due
to the over-parameterization, Hessian and the gradient co-
variance are usually ill-conditioned and anisotropic near
minima (Sagun et al., 2017; Chaudhari & Soatto, 2017).
Thus the first condition in Proposition 1 usually holds for
neural networks, and we further justify it by experiments
in Section 5.3. In the next section, we turn to discuss how
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Eq. (11) and Eq. (13) characterize the escaping efficiency
of general process and Ornstein-Uhlenbeck process respec-
tively, and they clearly show that the indicator Tr(Ht⌃t)
plays an crucial role for stochastic processes escaping from
minima. Since we only care about the locally escaping be-
havior near the minima, we could directly analyze this key
indicator Tr(Ht⌃t), in order to understand the importance
of noise structure ⌃t for escaping.

3.2. Anisotropic noise helps escape from sharp minima

Now we study what factors affect the locally escaping be-
haviors by analyzing the indicator Tr(Ht⌃t).

The magnitude of noise Clearly, the magnitude of the
noise affects the escaping efficiency and larger magnitude
leads to faster escape. Along this line, Hoffer et al. (2017)
and Jastrzkebski et al. (2017) studied the generalization
influence of the magnitude of the SGD noise, which is
controlled by the quotient of learning rate and batch size.

Hence to explore the role of the noise structure, we must
eliminate the impact of noise magnitude for fair compari-
son. One reasonable evaluation of the noise magnitude is
the expected squared norm of the noise vector (Li et al.,
2017): suppose ✏t ⇠ N (0, ⌃t), z ⇠ N (0, I) and the eigen
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Based on such measure of magnitude, we introduce the
following important trace constraint,

given time t, Tr(⌃t) is constant. (14)

From the statistical physics point of view, Tr(⌃t) character-
izes the kinetic energy (Gardiner, 2018), thus it is natural
to force the energy to be unchanging, otherwise it is trivial
that the higher the energy is, the less stable the system is.

The ill-conditioning of minima Consider the isotropic
minima where the Hessian is Ht = �I , our escaping indica-
tor becomes Tr(Ht⌃t) = �Tr⌃t, which is invariant under

constraint Eq. (14). Thus the noise structure has no impact
on escaping from isotropic minima. However, for the min-
ima where the Hessian is highly ill-conditioned, which is
the typical case in practical over-parameterized neural net-
works (Sagun et al., 2017), the noise structure could cause
huge difference on escaping behaviors, as analyzed below.
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and assuming Ht has distinguished top eigenvalues, to
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⌃t should be ⌃⇤
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highly anisotropic. More generally, the following Proposi-
tion 1 characterizes one kind of anisotropic noise signifi-
cantly outperforming its isotropic equivalence, given H is
ill-conditioned.
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The first condition Eq. (15) characterizes the illness of H .
To give some geometric intuitions on the second condi-
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a1�1/TrH , and the angle of their corresponding unit eigen-
vectors is close enough such that hu1, v1i � a2, the second
condition Eq. (16) holds for a = a1a2.

Typically, in the scenario of modern neural networks, due
to the over-parameterization, Hessian and the gradient co-
variance are usually ill-conditioned and anisotropic near
minima (Sagun et al., 2017; Chaudhari & Soatto, 2017).
Thus the first condition in Proposition 1 usually holds for
neural networks, and we further justify it by experiments
in Section 5.3. In the next section, we turn to discuss how
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Figure 2. 2-D toy example. Compared dynamics are defined in Table 1, k = 2, �2
t is tuned to keep noise of all dynamics sharing same

expected squared norm, 0.01. All dynamics are run by 500 iterations with learning rate 0.005. Left: The trajectory of each compared
dynamics for escaping from the sharp minimum in one run. Middle: Success rate of arriving the flat solution in 100 repeated runs. Right:
Tr(Ht⌃t) of compared dynamics in one run.

Figure 3. FashionMNIST experiments. Compared dynamics are initialized at ✓⇤GD found by GD, marked by the vertical dashed line in
iteration 3000. The learning rate is same for all the compared methods, ⌘t = 0.07, and batch size m = 20. Left: Training accuracy
versus iteration. Middle: Test accuracy versus iteration. The final accuracy is noted within the parentheses. Right: Expected sharpness
versus iteration. Expected sharpness is measured as E⌫⇠N (0,�2I)

⇥
L(✓ + ⌫)

⇤
� L(✓), and � = 0.01, the expectation is computed by

average on 1000 times sampling.

namics with various kinds of noise structure to empirical
study with, as shown in Table 1.

5.1. Two-dimensional toy example

We design a 2-D toy example L(w1, w2) with two basins, a
small one and a large one, corresponding to a sharp and flat
minima, (1, 1) and (�1,�1), respectively, both of which
are global minima, see Supplementary Materials for more
details. We initialize the dynamics of interest with the sharp
minimum (w1, w2) = (1, 1), and run them to study their
behaviors escaping from this sharp minimum.

To explicitly control the noise magnitude, we only conduct
experiments on GD, GLD const, GLD diag, GLD leading
(with k = 2 = D in Table 1, which is also the exactly
covariance of SGD noise), GLD Hessian (k = 2) and GLD
1st eigen(H). And we adjust �t in each dynamics to force
their noise to share the same expected squared norm the
meet the constraint Eq. (14). Figure 2 (Left) shows the
trajectories of the dynamics escaping from the sharp mini-
mum (1, 1) towards the flat one (�1,�1), while Figure 2
(Middle) presents the success rate of escaping for each dy-
namic during 100 repeated experiments. Figure 2 (Right)
demonstrates our derived indicator Tr(Ht⌃t) in one run.

As shown in Figure 2, GLD 1st eigvec(H) achieves the high-
est success rate, indicating the fastest escaping speed from

the sharp minimum. The dynamics with anisotropic noise
aligned with Hessian well, including GLD 1st eigvec(H),
GLD Hessian and GLD leading, greatly outperform GD,
GLD const with isotropic noise, and GLD diag with noise
poorly aligned with Hessian. These experiments are consis-
tent with our theoretical analysis on OU process shown in
Eq. (13) and Proposition 1, demonstrating the benefits of
anisotropic noise for escaping from sharp minima.

5.2. One hidden layer network with fixed output layer

To verify the conclusion of Proposition 1 in neural network
cases, three networks are trained to binary classify 1, 000 lin-
early separable two-dimensional points to show the benefits
of anisotropic noise of SGD. The activations are all ReLU
and � (in Proposition 2) is set to be 0.001. The number
of hidden nodes for each network varies in {32, 128, 512}.
We plot the empirical indicator Tr (H⌃) in Figure 4. We
can easily observe that as the increase of the number of
hidden nodes, the ratio Tr (H⌃)/Tr

�
H⌃̄

�
is enlarged sig-

nificantly, which is consistent with the Eq. (17) described in
Proposition 1.

5.3. FashionMNIST with corrupted labels

We conduct a series of experiments in real deep learning sce-
narios to study the importance of SGD’s noise covariance

Loss contour of 2D toy problem

Eigen-direction of 
 gradient covariance
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Figure 4. One hidden layer neural networks. The solid and the dot-
ted lines represent the value of Tr(H⌃) and Tr(H⌃̄), respectively.
The number of hidden nodes varies in {32, 128, 512}.

structure and its implicit regularization effects. We con-
struct a noisy training set based on FashionMNIST dataset.
Concretely, the training set consist of 1000 images with
correct labels, and another 200 images with random labels.
A small LeNet-like network with 11, 330 parameters is uti-
lized such that the spectral decomposition over ⌃ and H are
computationally feasible.

We firstly run the full gradient decent for 3, 000 itera-
tions to arrive at the parameters ✓

⇤
GD

near the global min-
ima with nearly zero training loss and 100% training ac-
curacy, which are typically sharp minima that generalize
poorly (Neyshabur et al., 2017). And then all other com-
pared methods are initialized with ✓

⇤
GD

and run with the
same learning rate ⌘t = 0.07 and same batch size m = 20
(if needed) for fair comparison.

Behaviors of different dynamics escaping from minima
and its generalization effects. To compare the different
dynamics on escaping behaviors and generalization perfor-
mance, we run dynamics initialized from the sharp minima
✓

⇤
GD

found by GD. The settings for each compared method
are as follows. The hyperparameter �

2 for GLD const has
already been tuned as optimal (� = 0.001) by grid search.
For GLD leading, we set k = 20 for comprising the com-
putational cost and approximation accuracy. As for GLD
Hessian, to reduce the expensive evaluation of such a huge
Hessian in each iteration, we set k = 20 and update the
Hessian every 10 iterations. We adjust �t in GLD dynamic,
GLD Hessian and GLD 1st eigvec(H) to guarantee that
they share the same expected squred noise norm defined in
Eq. (14) as that of SGD. And we measure the expected sharp-
ness of different minima as E⌫⇠N (0,�2I)

⇥
L(✓ + ⌫)

⇤
�L(✓),

as defined in ((Neyshabur et al., 2017), Eq.(7)).

As shown in Figure 3, SGD, GLD 1st eigvec(H), GLD
leading and GLD Hessian successfully escape from the
sharp minima found by GD, while GLD, GLD dynamic and
GLD diag are trapped in the minima. This demonstrates
that the methods with anisotropic noise “aligned” with loss
curvature can help to find flatter minima that generalize
well.

Verification of the conditions in Proposition 1.
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Figure 5. FashionMNIST experiments. Left: The first 400 eigen-
values of Hessian at ✓⇤GD , the sharp minima found by GD after
3000 iterations. Middle: The projection coefficient estimation
â =

u
T
1 ⌃u1TrH
�1Tr⌃ , as shown in Proposition 1. Right: Tr(Ht⌃t)

versus Tr(Ht⌃̄t) during SGD optimization initialized from ✓
⇤
GD ,

⌃̄t = Tr⌃t
D

I denotes the isotropic noise with same expected
squared norm as SGD noise.

To check whether the noise of SGD in deep neural networks
satisfies the two conditions in Proposition 1, we run SGD
initialized from ✓

⇤
GD

, i.e. the sharp minima found by GD.

Figure 5(Left) shows the first 400 eigenvalues of Hessian
at ✓

⇤
GD

, from which we see that the 140th eigenvalue has
already decayed to about 1% of the first eigenvalue. Note
that Hessian H 2 RD⇥D

, D = 11330, thus H around
✓

⇤
GD

approximately meets the ill-conditioning requirement
in Proposition 1. Figure 5(Middle) shows the projection
coefficient estimated by â = u

T
1 ⌃u1TrH
�1Tr⌃ along the trajectory

of SGD. The plot indicates that the projection coefficient
is in a descent scale comparing to D

2d�1, thus satisfying
the second condition in Proposition 1. Therefore, Proposi-
tion 1 ensures that SGD would escape from minima ✓

⇤
GD

faster than GLD in order of O(D2d�1), as shown in Fig-
ure 5(Right). An interesting observation is that in the later
stage of SGD optimization, Tr(H⌃) becomes significantly
(107 times) smaller than in the beginning stage, implying
that SGD has already converged to minima being almost im-
possible to escape from. This phenomenon demonstrates the
reasonability to employ Tr(H⌃) as an empirical indicator
for escaping efficiency.

5.4. SVHN and CIFAR-10

We also provide experiments on SVHN and CIFAR-10
datasets with VGG11 in Figure 1 and Figure 6. For CIFAR-
10 we use the original datasets while we only use 2, 5000
training examples for SVHN to compromise with the com-
putational burden of gradient descent. We choose VGG over
ResNet since it achieves decent performance without using
batch normalization, which causes extra affects on analyz-
ing the noise of SGD. We re-estimate the noise structure
of GLD dynamic and GLD diag every 10 iterations to ease
the computational burden. Also, we only run GD, GLD
const, GLD dynamic, GLD diag and SGD since the compu-
tational costs of these dynamics are relatively acceptable to
our hardware.

From Figure 1 we can see the generalization gap between
SGD and other dynamics, which demonstrates that the mag-
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the covariance of SGD noise meets the second condition
of Proposition 1 in the context of neural networks. Hence
this explains the superiority of the anisotropic noise of SGD
over the isotropic one, such as gradient Langevin dynamics.

4. The relationship between the noise of SGD
and the curvature of loss surface

In this section we investigate the anisotropic structure of
gradient covariance in SGD, and explore its connection with
the Hessian of loss surface.

Around the true parameter. According to the classic sta-
tistical theory (Pawitan, 2001, Chap. 8), for population loss
L(✓) = Ex`(x; ✓), with ` being the negative log likelihood,
when evaluating at the true parameter ✓

⇤, there is the exact
equivalence between the Hessian H of the population loss
and Fisher information matrix F at ✓

⇤,

F (✓⇤) := Ex[r✓`(x; ✓⇤)r✓`(x; ✓⇤)T ] = Ex[r2
✓
`(x; ✓⇤)]

= r
2
✓
L(✓⇤) =: H(✓⇤).

In practice, with the assumptions that the sample size N

is large enough (i.e. indicating asymptotic behavior) and
suitable smoothness conditions, when the current parameter
✓t is not far from the ground truth, Fisher is close to Hessian.
Thus we can obtain the following approximate equality
between gradient covariance and Hessian,

⌃̂(✓t) = F̂ (✓t) �r✓tL̂(✓t)r✓L̂
T (✓t) ⇡ F̂ (✓t) ⇡ F̂ (✓⇤)

⇡ F (✓⇤) = H(✓⇤) ⇡ Ĥ(✓⇤) ⇡ Ĥ(✓t).
(18)

The first approximation is due to the dominance of noise
over the mean of gradient in the later stage of SGD opti-
mization (Shwartz-Ziv & Tishby, 2017), in which a similar
experiment was conducted to demonstrate this observation,
shown in Supplementary Materials due to the limit of space.

One hidden layer network with fixed output layer. In the
following we provide theoretical characterization about the
alignment between ⌃ and H in the context of one hidden
layer neural networks with fixed output layer. We first show
the connection of Fisher and Hessian in this specific case.
Proposition 2 (The connection between Fisher and Hessian
in one hidden layer network). Consider a binary classifica-

tion problem with data {(xi, yi)}i2I , y 2 {0, 1}, and mean

square loss (either population or empirical),

L(✓) = E(x,y)

��� � f(x; ✓) � y
��2

. (19)

Here f denotes the network and � is a threshold activation

function controlling the output of the model,

�(f) = min{max{f, �}, 1 � �} ⇢ [�, 1 � �], (20)

where � is a small positive constant.

Suppose the network f satisfies: (1) it has one hidden layer

and piece-wise linear activation; (2) the parameters of its

output layer are fixed during training (Brutzkus et al., 2017).

Then for Fisher F and Hessian H (either population or

empirical), we have

(1) F (✓) ⌫ �
2
H(✓), almost everywhere; (2) F (✓) �

(� + ✏)2H(✓), almost everywhere around the minima, {✓ :��� � f(x; ✓) � y
��  � + ✏, 8(x, y)}. A � B means that

(B � A) is semi-positive definite.

There are two remarks on Proposition 2. Firstly, the con-
sidered neural networks in Proposition 2 are non-convex
and have multiple minima, and one example to show this is
provided in Supplementary Materials. Thus it is non-trivial
to consider the escaping from minima. Secondly, Proposi-
tion 2 holds in both population and empirical sense, since
the proof does not distinguish the two circumstances.

Based on Proposition 2, we could show that this neural
network meets the second condition in Proposition 1.
Proposition 3 (The connection between gradient covariance
and Hessian in one hidden layer network). Assume the con-

ditions in Proposition 2 hold, then there is a constant a > 0,

for ✓ close enough to minima ✓
⇤

(local or global), we have

u(✓)T ⌃(✓)u(✓) � a�(✓)
Tr⌃(✓)

TrH(✓)
(21)

holds almost everywhere, for �(✓) and u(✓) being the maxi-

mal eigenvalue and its corresponding eigenvector of Hes-

sian H(✓).

Therefore, based on the discussion on population loss
around the true parameters and one hidden layer neural
network with fixed output layer parameters, given the ill-
conditioning of H due to the over-parameterization of mod-
ern neural networks, according to Proposition 1, we can
conclude the noise structure of SGD helps to escape from
sharp minima significantly faster than the dynamics with
isotropic noise. Hence SGD tends to converge to flatter
solutions, which typically generalize well (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). Thus, the anisotropic noise of
SGD might explain its better generalization performance
comparing to GD, GLD and other dynamics with isotropic
noise.

In the following, we conduct a series of experiments sys-
tematically to verify our understanding on the behavior of
escaping from minima and its regularization effects for dif-
ferent optimization dynamics.

5. Experiments
For better understanding the difference between the
anisotropic noise and the isotropic one, we introduce dy-

‣ We prove that in 2-layer NNs, near the minima, 
gradient covariance aligned well with Hessian. 
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the covariance of SGD noise meets the second condition
of Proposition 1 in the context of neural networks. Hence
this explains the superiority of the anisotropic noise of SGD
over the isotropic one, such as gradient Langevin dynamics.

4. The relationship between the noise of SGD
and the curvature of loss surface

In this section we investigate the anisotropic structure of
gradient covariance in SGD, and explore its connection with
the Hessian of loss surface.

Around the true parameter. According to the classic sta-
tistical theory (Pawitan, 2001, Chap. 8), for population loss
L(✓) = Ex`(x; ✓), with ` being the negative log likelihood,
when evaluating at the true parameter ✓

⇤, there is the exact
equivalence between the Hessian H of the population loss
and Fisher information matrix F at ✓

⇤,

F (✓⇤) := Ex[r✓`(x; ✓⇤)r✓`(x; ✓⇤)T ] = Ex[r2
✓
`(x; ✓⇤)]

= r
2
✓
L(✓⇤) =: H(✓⇤).

In practice, with the assumptions that the sample size N

is large enough (i.e. indicating asymptotic behavior) and
suitable smoothness conditions, when the current parameter
✓t is not far from the ground truth, Fisher is close to Hessian.
Thus we can obtain the following approximate equality
between gradient covariance and Hessian,

⌃̂(✓t) = F̂ (✓t) �r✓tL̂(✓t)r✓L̂
T (✓t) ⇡ F̂ (✓t) ⇡ F̂ (✓⇤)

⇡ F (✓⇤) = H(✓⇤) ⇡ Ĥ(✓⇤) ⇡ Ĥ(✓t).
(18)

The first approximation is due to the dominance of noise
over the mean of gradient in the later stage of SGD opti-
mization (Shwartz-Ziv & Tishby, 2017), in which a similar
experiment was conducted to demonstrate this observation,
shown in Supplementary Materials due to the limit of space.

One hidden layer network with fixed output layer. In the
following we provide theoretical characterization about the
alignment between ⌃ and H in the context of one hidden
layer neural networks with fixed output layer. We first show
the connection of Fisher and Hessian in this specific case.
Proposition 2 (The connection between Fisher and Hessian
in one hidden layer network). Consider a binary classifica-

tion problem with data {(xi, yi)}i2I , y 2 {0, 1}, and mean

square loss (either population or empirical),

L(✓) = E(x,y)

��� � f(x; ✓) � y
��2

. (19)

Here f denotes the network and � is a threshold activation

function controlling the output of the model,

�(f) = min{max{f, �}, 1 � �} ⇢ [�, 1 � �], (20)

where � is a small positive constant.

Suppose the network f satisfies: (1) it has one hidden layer

and piece-wise linear activation; (2) the parameters of its

output layer are fixed during training (Brutzkus et al., 2017).

Then for Fisher F and Hessian H (either population or

empirical), we have

(1) F (✓) ⌫ �
2
H(✓), almost everywhere; (2) F (✓) �

(� + ✏)2H(✓), almost everywhere around the minima, {✓ :��� � f(x; ✓) � y
��  � + ✏, 8(x, y)}. A � B means that

(B � A) is semi-positive definite.

There are two remarks on Proposition 2. Firstly, the con-
sidered neural networks in Proposition 2 are non-convex
and have multiple minima, and one example to show this is
provided in Supplementary Materials. Thus it is non-trivial
to consider the escaping from minima. Secondly, Proposi-
tion 2 holds in both population and empirical sense, since
the proof does not distinguish the two circumstances.

Based on Proposition 2, we could show that this neural
network meets the second condition in Proposition 1.
Proposition 3 (The connection between gradient covariance
and Hessian in one hidden layer network). Assume the con-

ditions in Proposition 2 hold, then there is a constant a > 0,

for ✓ close enough to minima ✓
⇤

(local or global), we have

u(✓)T ⌃(✓)u(✓) � a�(✓)
Tr⌃(✓)

TrH(✓)
(21)

holds almost everywhere, for �(✓) and u(✓) being the maxi-

mal eigenvalue and its corresponding eigenvector of Hes-

sian H(✓).

Therefore, based on the discussion on population loss
around the true parameters and one hidden layer neural
network with fixed output layer parameters, given the ill-
conditioning of H due to the over-parameterization of mod-
ern neural networks, according to Proposition 1, we can
conclude the noise structure of SGD helps to escape from
sharp minima significantly faster than the dynamics with
isotropic noise. Hence SGD tends to converge to flatter
solutions, which typically generalize well (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). Thus, the anisotropic noise of
SGD might explain its better generalization performance
comparing to GD, GLD and other dynamics with isotropic
noise.

In the following, we conduct a series of experiments sys-
tematically to verify our understanding on the behavior of
escaping from minima and its regularization effects for dif-
ferent optimization dynamics.

5. Experiments
For better understanding the difference between the
anisotropic noise and the isotropic one, we introduce dy-
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the covariance of SGD noise meets the second condition
of Proposition 1 in the context of neural networks. Hence
this explains the superiority of the anisotropic noise of SGD
over the isotropic one, such as gradient Langevin dynamics.

4. The relationship between the noise of SGD
and the curvature of loss surface

In this section we investigate the anisotropic structure of
gradient covariance in SGD, and explore its connection with
the Hessian of loss surface.

Around the true parameter. According to the classic sta-
tistical theory (Pawitan, 2001, Chap. 8), for population loss
L(✓) = Ex`(x; ✓), with ` being the negative log likelihood,
when evaluating at the true parameter ✓

⇤, there is the exact
equivalence between the Hessian H of the population loss
and Fisher information matrix F at ✓

⇤,

F (✓⇤) := Ex[r✓`(x; ✓⇤)r✓`(x; ✓⇤)T ] = Ex[r2
✓
`(x; ✓⇤)]

= r
2
✓
L(✓⇤) =: H(✓⇤).

In practice, with the assumptions that the sample size N

is large enough (i.e. indicating asymptotic behavior) and
suitable smoothness conditions, when the current parameter
✓t is not far from the ground truth, Fisher is close to Hessian.
Thus we can obtain the following approximate equality
between gradient covariance and Hessian,

⌃̂(✓t) = F̂ (✓t) �r✓tL̂(✓t)r✓L̂
T (✓t) ⇡ F̂ (✓t) ⇡ F̂ (✓⇤)

⇡ F (✓⇤) = H(✓⇤) ⇡ Ĥ(✓⇤) ⇡ Ĥ(✓t).
(18)

The first approximation is due to the dominance of noise
over the mean of gradient in the later stage of SGD opti-
mization (Shwartz-Ziv & Tishby, 2017), in which a similar
experiment was conducted to demonstrate this observation,
shown in Supplementary Materials due to the limit of space.

One hidden layer network with fixed output layer. In the
following we provide theoretical characterization about the
alignment between ⌃ and H in the context of one hidden
layer neural networks with fixed output layer. We first show
the connection of Fisher and Hessian in this specific case.
Proposition 2 (The connection between Fisher and Hessian
in one hidden layer network). Consider a binary classifica-

tion problem with data {(xi, yi)}i2I , y 2 {0, 1}, and mean

square loss (either population or empirical),

L(✓) = E(x,y)

��� � f(x; ✓) � y
��2

. (19)

Here f denotes the network and � is a threshold activation

function controlling the output of the model,

�(f) = min{max{f, �}, 1 � �} ⇢ [�, 1 � �], (20)

where � is a small positive constant.

Suppose the network f satisfies: (1) it has one hidden layer

and piece-wise linear activation; (2) the parameters of its

output layer are fixed during training (Brutzkus et al., 2017).

Then for Fisher F and Hessian H (either population or

empirical), we have

(1) F (✓) ⌫ �
2
H(✓), almost everywhere; (2) F (✓) �

(� + ✏)2H(✓), almost everywhere around the minima, {✓ :��� � f(x; ✓) � y
��  � + ✏, 8(x, y)}. A � B means that

(B � A) is semi-positive definite.

There are two remarks on Proposition 2. Firstly, the con-
sidered neural networks in Proposition 2 are non-convex
and have multiple minima, and one example to show this is
provided in Supplementary Materials. Thus it is non-trivial
to consider the escaping from minima. Secondly, Proposi-
tion 2 holds in both population and empirical sense, since
the proof does not distinguish the two circumstances.

Based on Proposition 2, we could show that this neural
network meets the second condition in Proposition 1.
Proposition 3 (The connection between gradient covariance
and Hessian in one hidden layer network). Assume the con-

ditions in Proposition 2 hold, then there is a constant a > 0,

for ✓ close enough to minima ✓
⇤

(local or global), we have

u(✓)T ⌃(✓)u(✓) � a�(✓)
Tr⌃(✓)

TrH(✓)
(21)

holds almost everywhere, for �(✓) and u(✓) being the maxi-

mal eigenvalue and its corresponding eigenvector of Hes-

sian H(✓).

Therefore, based on the discussion on population loss
around the true parameters and one hidden layer neural
network with fixed output layer parameters, given the ill-
conditioning of H due to the over-parameterization of mod-
ern neural networks, according to Proposition 1, we can
conclude the noise structure of SGD helps to escape from
sharp minima significantly faster than the dynamics with
isotropic noise. Hence SGD tends to converge to flatter
solutions, which typically generalize well (Hochreiter &
Schmidhuber, 1997; Keskar et al., 2017; Neyshabur et al.,
2017; Wu & Zhu, 2017). Thus, the anisotropic noise of
SGD might explain its better generalization performance
comparing to GD, GLD and other dynamics with isotropic
noise.

In the following, we conduct a series of experiments sys-
tematically to verify our understanding on the behavior of
escaping from minima and its regularization effects for dif-
ferent optimization dynamics.

5. Experiments
For better understanding the difference between the
anisotropic noise and the isotropic one, we introduce dy-
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Uhlenbeck process,

d✓t = �H✓t dt + ⌃
1
2 dWt, ✓0 = 0. (12)

The escaping efficiency of Eq. (12) could be explicitly ob-
tained as

E[L(✓t)�L(✓0)] =
1

4
Tr

✓⇣
I � e

�2Ht

⌘
⌃

◆
⇡

t

2
Tr (H⌃) .

(13)
We defer the derivation to Supplementary Materials.

Eq. (11) and Eq. (13) characterize the escaping efficiency
of general process and Ornstein-Uhlenbeck process respec-
tively, and they clearly show that the indicator Tr(Ht⌃t)
plays an crucial role for stochastic processes escaping from
minima. Since we only care about the locally escaping be-
havior near the minima, we could directly analyze this key
indicator Tr(Ht⌃t), in order to understand the importance
of noise structure ⌃t for escaping.

3.2. Anisotropic noise helps escape from sharp minima

Now we study what factors affect the locally escaping be-
haviors by analyzing the indicator Tr(Ht⌃t).

The magnitude of noise Clearly, the magnitude of the
noise affects the escaping efficiency and larger magnitude
leads to faster escape. Along this line, Hoffer et al. (2017)
and Jastrzkebski et al. (2017) studied the generalization
influence of the magnitude of the SGD noise, which is
controlled by the quotient of learning rate and batch size.

Hence to explore the role of the noise structure, we must
eliminate the impact of noise magnitude for fair compari-
son. One reasonable evaluation of the noise magnitude is
the expected squared norm of the noise vector (Li et al.,
2017): suppose ✏t ⇠ N (0, ⌃t), z ⇠ N (0, I) and the eigen
decomposition of ⌃t is ⌃t = V �V

T , then

k✏tktrace := E[✏T

t
✏t] = E[(V

p

�z)T (V
p

�z)] = E[zT �z]

= ETr(�zz
T ) = TrE[�zz

T ] = Tr(⌃t).

Based on such measure of magnitude, we introduce the
following important trace constraint,

given time t, Tr(⌃t) is constant. (14)

From the statistical physics point of view, Tr(⌃t) character-
izes the kinetic energy (Gardiner, 2018), thus it is natural
to force the energy to be unchanging, otherwise it is trivial
that the higher the energy is, the less stable the system is.

The ill-conditioning of minima Consider the isotropic
minima where the Hessian is Ht = �I , our escaping indica-
tor becomes Tr(Ht⌃t) = �Tr⌃t, which is invariant under

constraint Eq. (14). Thus the noise structure has no impact
on escaping from isotropic minima. However, for the min-
ima where the Hessian is highly ill-conditioned, which is
the typical case in practical over-parameterized neural net-
works (Sagun et al., 2017), the noise structure could cause
huge difference on escaping behaviors, as analyzed below.

The structure of noise For semi-positive definite Ht, ⌃t

and assuming Ht has distinguished top eigenvalues, to
achieve the maximum of Tr(Ht⌃t) under constraint Eq.(14),
⌃t should be ⌃⇤

t
= (Tr⌃t) · u1u

T

1 , where u1 is the first
unit eigenvector of Ht. Note this rank-1 matrix ⌃⇤

t
is

highly anisotropic. More generally, the following Proposi-
tion 1 characterizes one kind of anisotropic noise signifi-
cantly outperforming its isotropic equivalence, given H is
ill-conditioned.

Proposition 1 (The benefits of anisotropic noise). Assume

HD⇥D and ⌃D⇥D are semi-positive definite. If

(1) H is ill-conditioned. Let �1 � �2 � . . . ,� �D � 0 be

the eigenvalues of H in descent order, and for some constant

k ⌧ D and d >
1
2 ,

�1 > 0, �k+1, �k+2, . . . , �D < �1D
�d; (15)

(2) ⌃ is “aligned” with H . Let ui be the corresponding unit

eigenvector of eigenvalue �i, for some projection coefficient

a > 0,

u
T

1 ⌃u1 � a�1
Tr⌃

TrH
; (16)

then for such ⌃ and its isotropic equivalence ⌃̄ = Tr⌃
D

I un-

der constraint Eq. (14), we have the follow ratio describing

their difference in term of escaping efficiency,

Tr (H⌃)

Tr(H⌃̄)
= O

⇣
aD

(2d�1)
⌘

, d >
1

2
. (17)

The first condition Eq. (15) characterizes the illness of H .
To give some geometric intuitions on the second condi-
tion Eq. (16), let the maximal eigenvalue and its corre-
sponding unit eigenvector of ⌃ be �1, v1, then u

T

1 ⌃u1 �

u
T

1 v1�1v
T

1 u1 = �1 hu1, v1i
2. Thus if the maximal eigen-

values of H and ⌃ are aligned in proportion, �1/Tr⌃ �

a1�1/TrH , and the angle of their corresponding unit eigen-
vectors is close enough such that hu1, v1i � a2, the second
condition Eq. (16) holds for a = a1a2.

Typically, in the scenario of modern neural networks, due
to the over-parameterization, Hessian and the gradient co-
variance are usually ill-conditioned and anisotropic near
minima (Sagun et al., 2017; Chaudhari & Soatto, 2017).
Thus the first condition in Proposition 1 usually holds for
neural networks, and we further justify it by experiments
in Section 5.3. In the next section, we turn to discuss how

SGD >> GD + Isotropic Noise
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Figure 4. One hidden layer neural networks. The solid and the dot-
ted lines represent the value of Tr(H⌃) and Tr(H⌃̄), respectively.
The number of hidden nodes varies in {32, 128, 512}.

structure and its implicit regularization effects. We con-
struct a noisy training set based on FashionMNIST dataset.
Concretely, the training set consist of 1000 images with
correct labels, and another 200 images with random labels.
A small LeNet-like network with 11, 330 parameters is uti-
lized such that the spectral decomposition over ⌃ and H are
computationally feasible.

We firstly run the full gradient decent for 3, 000 itera-
tions to arrive at the parameters ✓

⇤
GD

near the global min-
ima with nearly zero training loss and 100% training ac-
curacy, which are typically sharp minima that generalize
poorly (Neyshabur et al., 2017). And then all other com-
pared methods are initialized with ✓

⇤
GD

and run with the
same learning rate ⌘t = 0.07 and same batch size m = 20
(if needed) for fair comparison.

Behaviors of different dynamics escaping from minima
and its generalization effects. To compare the different
dynamics on escaping behaviors and generalization perfor-
mance, we run dynamics initialized from the sharp minima
✓

⇤
GD

found by GD. The settings for each compared method
are as follows. The hyperparameter �

2 for GLD const has
already been tuned as optimal (� = 0.001) by grid search.
For GLD leading, we set k = 20 for comprising the com-
putational cost and approximation accuracy. As for GLD
Hessian, to reduce the expensive evaluation of such a huge
Hessian in each iteration, we set k = 20 and update the
Hessian every 10 iterations. We adjust �t in GLD dynamic,
GLD Hessian and GLD 1st eigvec(H) to guarantee that
they share the same expected squred noise norm defined in
Eq. (14) as that of SGD. And we measure the expected sharp-
ness of different minima as E⌫⇠N (0,�2I)

⇥
L(✓ + ⌫)

⇤
�L(✓),

as defined in ((Neyshabur et al., 2017), Eq.(7)).

As shown in Figure 3, SGD, GLD 1st eigvec(H), GLD
leading and GLD Hessian successfully escape from the
sharp minima found by GD, while GLD, GLD dynamic and
GLD diag are trapped in the minima. This demonstrates
that the methods with anisotropic noise “aligned” with loss
curvature can help to find flatter minima that generalize
well.

Verification of the conditions in Proposition 1.
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Figure 5. FashionMNIST experiments. Left: The first 400 eigen-
values of Hessian at ✓⇤GD , the sharp minima found by GD after
3000 iterations. Middle: The projection coefficient estimation
â =

u
T
1 ⌃u1TrH
�1Tr⌃ , as shown in Proposition 1. Right: Tr(Ht⌃t)

versus Tr(Ht⌃̄t) during SGD optimization initialized from ✓
⇤
GD ,

⌃̄t = Tr⌃t
D

I denotes the isotropic noise with same expected
squared norm as SGD noise.

To check whether the noise of SGD in deep neural networks
satisfies the two conditions in Proposition 1, we run SGD
initialized from ✓

⇤
GD

, i.e. the sharp minima found by GD.

Figure 5(Left) shows the first 400 eigenvalues of Hessian
at ✓

⇤
GD

, from which we see that the 140th eigenvalue has
already decayed to about 1% of the first eigenvalue. Note
that Hessian H 2 RD⇥D

, D = 11330, thus H around
✓

⇤
GD

approximately meets the ill-conditioning requirement
in Proposition 1. Figure 5(Middle) shows the projection
coefficient estimated by â = u

T
1 ⌃u1TrH
�1Tr⌃ along the trajectory

of SGD. The plot indicates that the projection coefficient
is in a descent scale comparing to D

2d�1, thus satisfying
the second condition in Proposition 1. Therefore, Proposi-
tion 1 ensures that SGD would escape from minima ✓

⇤
GD

faster than GLD in order of O(D2d�1), as shown in Fig-
ure 5(Right). An interesting observation is that in the later
stage of SGD optimization, Tr(H⌃) becomes significantly
(107 times) smaller than in the beginning stage, implying
that SGD has already converged to minima being almost im-
possible to escape from. This phenomenon demonstrates the
reasonability to employ Tr(H⌃) as an empirical indicator
for escaping efficiency.

5.4. SVHN and CIFAR-10

We also provide experiments on SVHN and CIFAR-10
datasets with VGG11 in Figure 1 and Figure 6. For CIFAR-
10 we use the original datasets while we only use 2, 5000
training examples for SVHN to compromise with the com-
putational burden of gradient descent. We choose VGG over
ResNet since it achieves decent performance without using
batch normalization, which causes extra affects on analyz-
ing the noise of SGD. We re-estimate the noise structure
of GLD dynamic and GLD diag every 10 iterations to ease
the computational burden. Also, we only run GD, GLD
const, GLD dynamic, GLD diag and SGD since the compu-
tational costs of these dynamics are relatively acceptable to
our hardware.

From Figure 1 we can see the generalization gap between
SGD and other dynamics, which demonstrates that the mag-
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structure and its implicit regularization effects. We con-
struct a noisy training set based on FashionMNIST dataset.
Concretely, the training set consist of 1000 images with
correct labels, and another 200 images with random labels.
A small LeNet-like network with 11, 330 parameters is uti-
lized such that the spectral decomposition over ⌃ and H are
computationally feasible.

We firstly run the full gradient decent for 3, 000 itera-
tions to arrive at the parameters ✓

⇤
GD

near the global min-
ima with nearly zero training loss and 100% training ac-
curacy, which are typically sharp minima that generalize
poorly (Neyshabur et al., 2017). And then all other com-
pared methods are initialized with ✓

⇤
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and run with the
same learning rate ⌘t = 0.07 and same batch size m = 20
(if needed) for fair comparison.

Behaviors of different dynamics escaping from minima
and its generalization effects. To compare the different
dynamics on escaping behaviors and generalization perfor-
mance, we run dynamics initialized from the sharp minima
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found by GD. The settings for each compared method
are as follows. The hyperparameter �

2 for GLD const has
already been tuned as optimal (� = 0.001) by grid search.
For GLD leading, we set k = 20 for comprising the com-
putational cost and approximation accuracy. As for GLD
Hessian, to reduce the expensive evaluation of such a huge
Hessian in each iteration, we set k = 20 and update the
Hessian every 10 iterations. We adjust �t in GLD dynamic,
GLD Hessian and GLD 1st eigvec(H) to guarantee that
they share the same expected squred noise norm defined in
Eq. (14) as that of SGD. And we measure the expected sharp-
ness of different minima as E⌫⇠N (0,�2I)
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L(✓ + ⌫)

⇤
�L(✓),

as defined in ((Neyshabur et al., 2017), Eq.(7)).

As shown in Figure 3, SGD, GLD 1st eigvec(H), GLD
leading and GLD Hessian successfully escape from the
sharp minima found by GD, while GLD, GLD dynamic and
GLD diag are trapped in the minima. This demonstrates
that the methods with anisotropic noise “aligned” with loss
curvature can help to find flatter minima that generalize
well.

Verification of the conditions in Proposition 1.
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versus Tr(Ht⌃̄t) during SGD optimization initialized from ✓
⇤
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I denotes the isotropic noise with same expected
squared norm as SGD noise.

To check whether the noise of SGD in deep neural networks
satisfies the two conditions in Proposition 1, we run SGD
initialized from ✓

⇤
GD

, i.e. the sharp minima found by GD.

Figure 5(Left) shows the first 400 eigenvalues of Hessian
at ✓

⇤
GD

, from which we see that the 140th eigenvalue has
already decayed to about 1% of the first eigenvalue. Note
that Hessian H 2 RD⇥D

, D = 11330, thus H around
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⇤
GD

approximately meets the ill-conditioning requirement
in Proposition 1. Figure 5(Middle) shows the projection
coefficient estimated by â = u
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�1Tr⌃ along the trajectory

of SGD. The plot indicates that the projection coefficient
is in a descent scale comparing to D

2d�1, thus satisfying
the second condition in Proposition 1. Therefore, Proposi-
tion 1 ensures that SGD would escape from minima ✓

⇤
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faster than GLD in order of O(D2d�1), as shown in Fig-
ure 5(Right). An interesting observation is that in the later
stage of SGD optimization, Tr(H⌃) becomes significantly
(107 times) smaller than in the beginning stage, implying
that SGD has already converged to minima being almost im-
possible to escape from. This phenomenon demonstrates the
reasonability to employ Tr(H⌃) as an empirical indicator
for escaping efficiency.

5.4. SVHN and CIFAR-10

We also provide experiments on SVHN and CIFAR-10
datasets with VGG11 in Figure 1 and Figure 6. For CIFAR-
10 we use the original datasets while we only use 2, 5000
training examples for SVHN to compromise with the com-
putational burden of gradient descent. We choose VGG over
ResNet since it achieves decent performance without using
batch normalization, which causes extra affects on analyz-
ing the noise of SGD. We re-estimate the noise structure
of GLD dynamic and GLD diag every 10 iterations to ease
the computational burden. Also, we only run GD, GLD
const, GLD dynamic, GLD diag and SGD since the compu-
tational costs of these dynamics are relatively acceptable to
our hardware.

From Figure 1 we can see the generalization gap between
SGD and other dynamics, which demonstrates that the mag-
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Figure 2. 2-D toy example. Compared dynamics are defined in Table 1, k = 2, �2
t is tuned to keep noise of all dynamics sharing same

expected squared norm, 0.01. All dynamics are run by 500 iterations with learning rate 0.005. Left: The trajectory of each compared
dynamics for escaping from the sharp minimum in one run. Middle: Success rate of arriving the flat solution in 100 repeated runs. Right:
Tr(Ht⌃t) of compared dynamics in one run.
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Figure 3. FashionMNIST experiments. Compared dynamics are initialized at ✓⇤GD found by GD, marked by the vertical dashed line in
iteration 3000. The learning rate is same for all the compared methods, ⌘t = 0.07, and batch size m = 20. Left: Training accuracy
versus iteration. Middle: Test accuracy versus iteration. The final accuracy is noted within the parentheses. Right: Expected sharpness
versus iteration. Expected sharpness is measured as E⌫⇠N (0,�2I)

⇥
L(✓ + ⌫)

⇤
� L(✓), and � = 0.01, the expectation is computed by

average on 1000 times sampling.

namics with various kinds of noise structure to empirical
study with, as shown in Table 1.

5.1. Two-dimensional toy example

We design a 2-D toy example L(w1, w2) with two basins, a
small one and a large one, corresponding to a sharp and flat
minima, (1, 1) and (�1,�1), respectively, both of which
are global minima, see Supplementary Materials for more
details. We initialize the dynamics of interest with the sharp
minimum (w1, w2) = (1, 1), and run them to study their
behaviors escaping from this sharp minimum.

To explicitly control the noise magnitude, we only conduct
experiments on GD, GLD const, GLD diag, GLD leading
(with k = 2 = D in Table 1, which is also the exactly
covariance of SGD noise), GLD Hessian (k = 2) and GLD
1st eigen(H). And we adjust �t in each dynamics to force
their noise to share the same expected squared norm the
meet the constraint Eq. (14). Figure 2 (Left) shows the
trajectories of the dynamics escaping from the sharp mini-
mum (1, 1) towards the flat one (�1,�1), while Figure 2
(Middle) presents the success rate of escaping for each dy-
namic during 100 repeated experiments. Figure 2 (Right)
demonstrates our derived indicator Tr(Ht⌃t) in one run.

As shown in Figure 2, GLD 1st eigvec(H) achieves the high-
est success rate, indicating the fastest escaping speed from

the sharp minimum. The dynamics with anisotropic noise
aligned with Hessian well, including GLD 1st eigvec(H),
GLD Hessian and GLD leading, greatly outperform GD,
GLD const with isotropic noise, and GLD diag with noise
poorly aligned with Hessian. These experiments are consis-
tent with our theoretical analysis on OU process shown in
Eq. (13) and Proposition 1, demonstrating the benefits of
anisotropic noise for escaping from sharp minima.

5.2. One hidden layer network with fixed output layer

To verify the conclusion of Proposition 1 in neural network
cases, three networks are trained to binary classify 1, 000 lin-
early separable two-dimensional points to show the benefits
of anisotropic noise of SGD. The activations are all ReLU
and � (in Proposition 2) is set to be 0.001. The number
of hidden nodes for each network varies in {32, 128, 512}.
We plot the empirical indicator Tr (H⌃) in Figure 4. We
can easily observe that as the increase of the number of
hidden nodes, the ratio Tr (H⌃)/Tr

�
H⌃̄

�
is enlarged sig-

nificantly, which is consistent with the Eq. (17) described in
Proposition 1.

5.3. FashionMNIST with corrupted labels

We conduct a series of experiments in real deep learning sce-
narios to study the importance of SGD’s noise covariance

FashionMNIST with corrupted labels
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Figure 6. SVHN and CIFAR-10 experiments. Top: SVHN experiments; Bottom: CIFAR-10 experiments. Compared dynamics are
initialized at ✓⇤GD found by GD, marked by the vertical dashed line (in iteration 3, 000 for SVHN and iteration 4000 for CIFAR-10). The
learning rate is same for all the compared methods, ⌘t = 0.05, and batch size m = 100. Left: Training accuracy versus iteration. Middle:
Test accuracy versus iteration. The final accuracy is noted within the parentheses. Right: Expected sharpness versus iteration. Expected
sharpness is measured as E⌫⇠N (0,�2I)

⇥
L(✓ + ⌫)

⇤
�L(✓), and � = 0.01, the expectation is computed by average on 100 times sampling.

nitude of SGD cannot fully explain the performance of
SGD. Figure 6 shows the escaping behavior of SGD and
other dynamics, the results are consistent with experiments
on FashionMNIST.

6. Discussions
Benefits of considering covariance structure. Previous
works on SGD for deep learning typically ignores the co-
variance structure, as we have shown in this work, which
has significant effects on its dynamics behaviors and gen-
eralization performance as well. The key observation on
connecting gradient noise structure with curvature of the
loss landscape, especially near the minima, provides a new
perspective for understanding why SGD can achieve good
generalization in practice. Our work is an initial attempt
to reveal the non-negligible benefits of SGD’s covariance
structure. More theoretical explorations are needed along
this direction.

Effects of learning rate and batch size. As seen from the
SGD dynamics in Eq. (6), when the learning rate is too small
or batch size is overly large, the magnitude of gradient noise
will become small, and thus effects of covariance structure
is not obvious as before. In these cases, SGD often needs
long time for diffusion towards flat minima to obtain better
solutions, as shown in existing research (Keskar et al., 2017;
Hoffer et al., 2017; Jastrzkebski et al., 2017).

Designing optimizers that help to generalize better. The
derived indicator also sheds some light on designing the

optimizers that might generalize better than SGD by adding
the noise along the direction of the maximum eigenvector of
Hessian. We leave the exploration regarding this as future
work.

7. Conclusion
We theoretically investigate a general optimization dynam-
ics with unbiased noise, which unifies various existing opti-
mization methods, including SGD. We provide some novel
results on the behaviors of escaping from minima and its
regularization effects. A novel indicator is derived for char-
acterizing the escaping efficiency. Based on this indicator,
two conditions are constructed for showing what type of
noise structure is superior to isotropic noise in term of escap-
ing. We then analyze the noise structure of SGD in neural
networks and find that it indeed satisfies the two conditions,
thus explaining the widely known observation that SGD can
escape from sharp minima efficiently toward flat ones that
generalize well. Various experimental evidence supports our
arguments on the behavior of SGD and its effects on gen-
eralization. Our study also shows that isotropic noise helps
little for escaping from sharp minima, due to the highly
anisotropic nature of landscape. This indicates that it is
not sufficient to analyze SGD by treating it as an isotropic
diffusion over landscape (Zhang et al., 2017; Mou et al.,
2017). A better understanding of this out-of-equilibrium
behavior (Chaudhari & Soatto, 2017) is on demand.

SVHN

CIFAR

Training Acc Test Acc Sharpness
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Multiplicative Noise in SGD
๏A new perspective of interpreting the noise of SGD

2 M-SGD: Multiplicative Stochastic Gradient Descent
Machine learning problems usually involve minimizing an empirical loss over training data {xi, i =

1, . . . , N}, L(✓) = 1
N

PN
i=1 `(xi; ✓), where `(x; ✓) is the loss over one example and ✓ 2 RD is

the parameter to be optimized. Define the “loss vector” as L(✓) :=
�
`(x1; ✓), . . . , `(xN ; ✓)

�
2

R1⇥N , then the gradient matrix is r✓L(✓) =
�
r✓`(x1; ✓), . . . ,r✓`(xN ; ✓)

�
2 RD⇥N . Let :=

(1, . . . , 1)T 2 RN , then L(✓) = 1
NL(✓) .

SGD The typical SGD iteration works as: it first randomly draws a mini-batch of samples with
index set Bt = {i1, . . . , ib}, and then performs parameter update using the stochastic gradient g̃(✓)
estimated by the mini-batch and learning rate ⌘,

✓t+1 � ✓t = �⌘g̃(✓t), g̃(✓t) =
1

b

X

i2Bt

r✓`(xi; ✓t). (1)

Additive Noise (A-Noise) Traditionally, the SGD noise is interpreted from additive viewpoint, i.e.,

g̃(✓t) = r✓L(✓t) + V(✓t), V(✓t) := g̃(✓t)�r✓L(✓t), (2)
where V(✓t) represents the Additive-Noise (A-Noise) of SGD. We call the interpretation of SGD
by Eq. (1) and Eq. (2) as Additive-SGD (A-SGD) model. Note that V(✓t) might not be a Gaussian
noise [23], and its mean is zero and covariance is Var[V(✓t)] = 1

b⌃
sgd(✓t), where ⌃sgd(✓) =

1
NrL(✓)rL(✓)T �rL(✓)rL(✓)T . Though commonly adopted in literature [16, 29, 6, 17, 24, 12],
it is clear the A-Noise V(✓) is dependent on the parameter ✓, thus it varies along the optimization path,
and causes trouble for understanding and analyzing. To overcome this obstacle, many works assumed
that A-Noise is constant or upper bounded by some constant [6, 12, 17, 28]. Thus a natural question
raises: could the noise in SGD be decoupled from parameters? Fortunately, our multiplicative noise
provides a positive answer, as elaborated in the following.

Multiplicative Noise (M-Noise) By the definition of SGD, the randomness of SGD are indeed
caused by the mini-batch sampling procedure,where this procedure is actually independent of current
model parameter. Thus there should exist a parameter (i.e. ✓)-independent model to characterize SGD
noises rather than the aforementioned A-SGD. To this end, we propose the following formulation:

g̃(✓t) = r✓L(✓) · Wsgd, (3)

where Wsgd 2 RN is a random vector characterizing the mini-batch sampling process, i.e., for
sampling without replacement, Wsgd contains b multiples of 1

b and N � b multiples of zero, with
random index.

We hereby use Multiplicative-SGD (M-SGD) to represent the method of modeling SGD by Eq. (1)
and Eq. (3), and Multiplicative-Noise (M-Noise) to denote Wsgd. Note that M-Noise is independent
of parameter ✓. The following Proposition 1 characterizes the properties of M-Noise of SGD.
Proposition 1. (Mean and covariance of M-Noise in SGD) For mini-batch sampled with replacement,
the M-Noise Wsgd in SGD satisfies

E[Wsgd] =
1

N
, Var[Wsgd] =

1

bN

✓
I � 1

N
T

◆
. (4)

For mini-batch sampled without replacement, the M-Noise W 0
sgd in SGD satisfies

E[W 0
sgd] =

1

N
, Var[W 0

sgd] =
N � b

bN(N � 1)

✓
I � 1

N
T

◆
. (5)

Proof is left in Section 1.1 of the Supplementary Materials. We only consider the sampling with
replacement case in the remaining parts, since most of our results hold for the other case, if not
pointed out otherwise.

Besides SGD, we extend M-Noise to general cases and overload the notation M-SGD as:

✓t+1 � ✓t = �⌘r✓L(✓t) · W , E[W] =
1

N
, W 2 RN⇥1. (6)
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Additive noise Multiplicative noise
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3Standard GDNote that: 1) M-SGD (6) becomes standard GD when W = ( 1
N , . . . , 1

N )T , and SGD if W = Wsgd.
2) The M-Noise W is independent of model, parameter and dataset. Such decoupling provides
us with a clear picture at the regularization effect of SGD. We will elaborate this point in next
section. 3) One special case we would like to pay more attention is when W is a Gaussian noise, i.e.,
WG ⇠ N

�
1
N ,⌃

�
, and we call Eq. (6) M-SGD-Gaussian. Our analysis will later show that there is

a strong approximation of the discrete M-SGD-Gaussian (6) by continuous SDE [16]. Moreover, we
will empirically demonstrate that approximating Wsgd by WG achieves highly similar regularization
effects. Thus it is meaningful to use SDE as a tool for understanding the generalization benefits of
SGD and its variants.

Connection between A-Noise and M-Noise Let M-Noise W = 1
N + V , then we have the

corresponding A-Noise V(✓) = r✓L(✓)V . Moreover, under the assumption that V(✓) follows a
Gaussian distribution, then W is Gaussian too. This property plays a crucial role for us to design fast
algorithm injecting noise into gradient based algorithms as shown in Section 5.1. Though A-Noise
and M-Noise could convert between each other, M-Noise decouples noise and parameter, which gives
us new insights on the behavior of SGD. For example, we now make use of M-Noise perspective to
explicitly elaborate the implicit bias of SGD.

3 M-SGD Performs Data-Dependent Regularization
This section presents details of Result I. Let us first recall L(✓) = 1

NL(✓) . In Eq. (6), let W =
1
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N V,V = (v1, . . . , vN )T and rewrite it as
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We upper bound the random term in M-SGD by its local maximum in �-ball, and as � ! 0 the
inequality becomes tighter. The right hand side of the objective function (8) could be treated as the
empirical realization of the population objective (9):

L̃popu(✓) := Ex[`(x; ✓)] + Ex1,...,xNEV
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The explicit regularization of SGD with the local Rademacher complexity with a �-ball, and the
empirical benefit of such regularization in image classification and neural network architecture search
have been reported in [26]. The difference is that we show that SGD has an implicit regularization
resembling local Rademacher complexity.

We denote R(V, ✓, �, N) := Ex1,...,xNEV

h
1
N supk✓0�✓k2� |

PN
i=1 vi`(xi; ✓0)|

i
. For any M-Noise

V , R(V, ✓, �, N) defines a local complexity measure.

Note that the components of V might not be independent. Specially, 1) for A = (a1, . . . , aN )T and
ai, i = 1, . . . , N be i.i.d., P[ai = 1] = P[ai = �1] = 1

2 , R(A, ✓, �, N) is the local Rademacher
complexity [2, 1, 3, 26]; 2) let G = (g1, . . . , gN )T ⇠ N (0, I), then R(G, ✓, �, N) is the local
Gaussian complexity [2], which is the corresponding regularization term of M-SGD-Gaussian with
independent Gaussian M-Noise; 3) for SGD noise Vsgd, we name R(Vsgd, ✓, �, N) the local SGD
complexity.3 We provide the following results to bound local Rademacher, Gaussian and SGD
complexity.

3In literature, some define Rademacher/Gaussian complexity with absolute sign and some without. This does
not cause big difference for obtaining generalization bound, and we adopt the one with absolute sign.
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Figure 1: See Supplementary Materials for more experiments. (a)(b): FashionMNIST trained on
a small net. We only use 1, 000 training data; (c): Standard training of CIFAR-10 on ResNet-18.
We use data augmentation and weight decay; (d)(e)(f): SVHN trained on VGG-11 without BN. We
only use 25, 000 training data. M-SGD-Fisher: M-SGD-Gaussian with Fisher as noise covariance;
M-SGD-Cov: M-SGD-Gaussian with gradient covariance as noise covariance; M-SGD-Bernoulli:
M-SGD with Bernoulli M-Noise, which is the independent approximation of the M-Noise of SGD;
GD-Rademacher: use GD to optimize loss with Rademacher regularizer, the Rademacher regularizer
is solved approximately by abandoning the supremum and absolute value operators; M-SGD-[Fisher-
b]: M-SGD-Gaussian with “Fisher” as noise covariance, the “Fisher” is estimated by b random
training data; M-SGD-[Cov-b]: named in the same spirit with M-SGD-[Fisher-b]; [M-SGD-Fisher]-
b: M-SGD with sparse M-Noise, which is the composition of a Bernoulli noise and a Gaussian noise
with Fisher as covariance. [M-SGD-Cov]-b: named in the same spirit with [M-SGD-Fisher]-b. The
covariance matrices of all M-Noises are scaled such that they are in the same scale with that of SGD.

Theorem 1. (Local Rademacher, Gaussian and SGD complexity) Let A,G,Vsgd be the Rademacher,
Gaussian and SGD random variables, respectively. Then there exist c, C > 0 such that:

(1) cR(A, ✓, �, N)  R(G, ✓, �, N)  C lnN ·R(A, ✓, �, N), (10)

(2) R(Vsgd, ✓, �, N)  2(k � 1)

k
R(A, ✓, �, b), if N = kb, k 2 N, k > 1. (11)

The proof can be found in Sections 1.2 and 1.3 of the Supplementary Materials.

Theorem 1 tells us that local Gaussian complexity is equivalent to local Rademacher complexity,
which explains the generalization advantage of M-SGD-Gaussian, since regularizing Rademacher
complexity is known to bring benefits for generalization [20, 26, 3]. Though we cannot build
perfect bridge between local SGD complexity and local Rademacher complexity yet, in Section 5
we will show that M-SGD-Gaussian could perfectly simulate SGD, given proper covariance of
the Gaussian M-Noise. Thus we conclude that the local SGD complexity works similar to local
Gaussian complexity and local Rademacher complexity, and the implicit bias of SGD is due to this
data-dependent complexity regularizer.

Figure 1 (a)(d) show empirical comparison of the generalization performance of GD, SGD, M-
SGD, and GD optimizing loss with Rademacher regularizer. We can clearly observe that SGD and
M-SGD family function similarly to GD-Rademacher, thus supporting our understanding on the
data-dependent regularization effect of SGD and M-SGD.

4 The Continuous Approximation of M-SGD
This section primarily focus on presenting Result II of our work. With the implicit bias of M-SGD
known, we now address the issue of its continuous approximation. We first recollect the weak
approximation between discrete A-SGD and continuous SDE [16, 10, 8].
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Inspired by M-SGD framework (6), we propose a fast algorithm to generate Gaussian-like SGD noise.
First of all, through a little calculation it can be shown that

⌃sgd(✓) =
1

N

 
r✓L(✓)

✓
I � 1

N
T

◆! 
r✓L(✓)

✓
I � 1

N
T

◆!T

. (15)

In this way, the preferred Gaussian noise could be sampled as � = 1p
bN

r✓L(✓)
�
I � 1

N
T
�
✏.

Besides, since r✓L(✓) =
1
Nr✓L(✓) , we indeed can borrow M-SGD-Gaussian as the approximation

of SGD with Gaussian noises such that

✓t+1 � ✓t = �⌘r✓L(✓)� ⌘v = �⌘r✓
1

N
L(✓) � ⌘

1p
bN
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✓
I � 1

N
T

◆
✏

= �⌘r✓L(✓t) · WG, WG =
1

N
+

1p
bN

✓
I � 1

N
T

◆
✏, ✏ ⇠ N (0, I) .

(16)

Fast Implementation Thanks to the linearity of derivation operator and the feasibility of derivation
operator to communicate with weight average operator, we can design the fast algorithm (described
in Algorithm 1) to implement M-SGD-Gaussian (in the form of Eq. (16)).

Algorithm 1 Fast Implementation of M-SGD-Gaussian (16)
1: Input: Input initialization ✓0 2 RD, training samples (x1, y1), . . . , (xN , yN ), loss function

`i(✓) = `((xi, yi), ✓), loss vector L(✓) =
�
`1(✓), . . . , `N (✓)

�
, random noise " ⇠ N (0, IN⇥N ),

learning rate ⌘ > 0
2: for k = 0, 1, 2, ...,K � 1 do
3: Generate random weight Wg = 1

N + 1p
bN

�
I � 1

N
T
�
✏, ✏ ⇠ N (0, IN⇥N )

4: Calculate randomized loss L̃(✓k) = L(✓k) · WG 2 R
5: Compute noisy gradient r✓L̃(✓k) = r✓

�
L(✓k) · WG

�

6: Update parameter ✓k+1 = ✓k � ⌘r✓L̃(✓k)
7: end for
8: Output: Output ✓K

Remark: 1) Before the deep learning era, the typical setting of machine learning is N � D, i.e., the
number of samples is larger than that of parameters. In this circumstance, the SVD way of generating
Gaussian noise is indeed plausible. However, when it comes to deep networks where N ⌧ D, or both
numbers are high, it turns out computing the full gradient could be far more efficient than explicitly
evaluating the covariance matrix and performing SVD, resulting in the computational advantage
of our method over the traditional one. 2) Our method could be easily extended to generate other
types of noise besides Gaussian, e.g., Bernoulli noise and the mini-batch version of noises. See the
following for more discussions.

5.2 Approximate the M-Noise of SGD by Gaussian ones and components independent ones
Here, we present the details of Result III. First, based on the Fast M-SGD-Gaussian (16), we unify
two types of commonly used Gaussian noise for simulating SGD’s behavior: Gaussian noise with
gradient covariance (M-SGD-Cov) [29] and Gaussian noise with Fisher (M-SGD-Fisher) [25].

M-SGD-Cov and M-SGD-Fisher First we know ⌃sgd(✓) = F (✓) � r✓L(✓)r✓L(✓)T , where
F (✓) = 1

Nr✓L(✓)r✓L(✓)T is the Fisher. Intuitively, M-SGD-Cov and M-SGD-Fisher should not
be far away from each other. We can see this using SDE (12). At the beginning stage of SGD
training, the drift term outlarges the diffusion term in scale [29, 22], dominates the optimization,
and the noise term almost makes no contribution, no matter whether it is gradient covariance noise
or Fisher noise. During the latter diffusion stage, however, the gradient turns to be close to zero,
thus ⌃sgd(✓) ⇡ F (✓). In a nutshell, covariance noise and Fisher noise should behave similarly for
regularizing SGD iteration.

Thanks to M-SGD-Gaussian formulation, we could now give a mathematical analysis on the difference
between these two types of noise. Let WF and WCov be the M-Noises for generating Fisher noise and
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(2) R(Vsgd, ✓, �, N)  2(k � 1)

k
R(A, ✓, �, b), if N = kb, k 2 N, k > 1. (11)

The proof can be found in Sections 1.2 and 1.3 of the Supplementary Materials.

Theorem 1 tells us that local Gaussian complexity is equivalent to local Rademacher complexity,
which explains the generalization advantage of M-SGD-Gaussian, since regularizing Rademacher
complexity is known to bring benefits for generalization [20, 26, 3]. Though we cannot build
perfect bridge between local SGD complexity and local Rademacher complexity yet, in Section 5
we will show that M-SGD-Gaussian could perfectly simulate SGD, given proper covariance of
the Gaussian M-Noise. Thus we conclude that the local SGD complexity works similar to local
Gaussian complexity and local Rademacher complexity, and the implicit bias of SGD is due to this
data-dependent complexity regularizer.

Figure 1 (a)(d) show empirical comparison of the generalization performance of GD, SGD, M-
SGD, and GD optimizing loss with Rademacher regularizer. We can clearly observe that SGD and
M-SGD family function similarly to GD-Rademacher, thus supporting our understanding on the
data-dependent regularization effect of SGD and M-SGD.

4 The Continuous Approximation of M-SGD
This section primarily focus on presenting Result II of our work. With the implicit bias of M-SGD
known, we now address the issue of its continuous approximation. We first recollect the weak
approximation between discrete A-SGD and continuous SDE [16, 10, 8].
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Inspired by M-SGD framework (6), we propose a fast algorithm to generate Gaussian-like SGD noise.
First of all, through a little calculation it can be shown that

⌃sgd(✓) =
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In this way, the preferred Gaussian noise could be sampled as � = 1p
bN

r✓L(✓)
�
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N
T
�
✏.

Besides, since r✓L(✓) =
1
Nr✓L(✓) , we indeed can borrow M-SGD-Gaussian as the approximation

of SGD with Gaussian noises such that
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(16)

Fast Implementation Thanks to the linearity of derivation operator and the feasibility of derivation
operator to communicate with weight average operator, we can design the fast algorithm (described
in Algorithm 1) to implement M-SGD-Gaussian (in the form of Eq. (16)).

Algorithm 1 Fast Implementation of M-SGD-Gaussian (16)
1: Input: Input initialization ✓0 2 RD, training samples (x1, y1), . . . , (xN , yN ), loss function

`i(✓) = `((xi, yi), ✓), loss vector L(✓) =
�
`1(✓), . . . , `N (✓)

�
, random noise " ⇠ N (0, IN⇥N ),

learning rate ⌘ > 0
2: for k = 0, 1, 2, ...,K � 1 do
3: Generate random weight Wg = 1

N + 1p
bN

�
I � 1

N
T
�
✏, ✏ ⇠ N (0, IN⇥N )

4: Calculate randomized loss L̃(✓k) = L(✓k) · WG 2 R
5: Compute noisy gradient r✓L̃(✓k) = r✓

�
L(✓k) · WG

�

6: Update parameter ✓k+1 = ✓k � ⌘r✓L̃(✓k)
7: end for
8: Output: Output ✓K

Remark: 1) Before the deep learning era, the typical setting of machine learning is N � D, i.e., the
number of samples is larger than that of parameters. In this circumstance, the SVD way of generating
Gaussian noise is indeed plausible. However, when it comes to deep networks where N ⌧ D, or both
numbers are high, it turns out computing the full gradient could be far more efficient than explicitly
evaluating the covariance matrix and performing SVD, resulting in the computational advantage
of our method over the traditional one. 2) Our method could be easily extended to generate other
types of noise besides Gaussian, e.g., Bernoulli noise and the mini-batch version of noises. See the
following for more discussions.

5.2 Approximate the M-Noise of SGD by Gaussian ones and components independent ones
Here, we present the details of Result III. First, based on the Fast M-SGD-Gaussian (16), we unify
two types of commonly used Gaussian noise for simulating SGD’s behavior: Gaussian noise with
gradient covariance (M-SGD-Cov) [29] and Gaussian noise with Fisher (M-SGD-Fisher) [25].

M-SGD-Cov and M-SGD-Fisher First we know ⌃sgd(✓) = F (✓) � r✓L(✓)r✓L(✓)T , where
F (✓) = 1

Nr✓L(✓)r✓L(✓)T is the Fisher. Intuitively, M-SGD-Cov and M-SGD-Fisher should not
be far away from each other. We can see this using SDE (12). At the beginning stage of SGD
training, the drift term outlarges the diffusion term in scale [29, 22], dominates the optimization,
and the noise term almost makes no contribution, no matter whether it is gradient covariance noise
or Fisher noise. During the latter diffusion stage, however, the gradient turns to be close to zero,
thus ⌃sgd(✓) ⇡ F (✓). In a nutshell, covariance noise and Fisher noise should behave similarly for
regularizing SGD iteration.

Thanks to M-SGD-Gaussian formulation, we could now give a mathematical analysis on the difference
between these two types of noise. Let WF and WCov be the M-Noises for generating Fisher noise and
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Approximate the noise of SGD with multiplicative Gaussian
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Figure 1: See Supplementary Materials for more experiments. (a)(b): FashionMNIST trained on
a small net. We only use 1, 000 training data; (c): Standard training of CIFAR-10 on ResNet-18.
We use data augmentation and weight decay; (d)(e)(f): SVHN trained on VGG-11 without BN. We
only use 25, 000 training data. M-SGD-Fisher: M-SGD-Gaussian with Fisher as noise covariance;
M-SGD-Cov: M-SGD-Gaussian with gradient covariance as noise covariance; M-SGD-Bernoulli:
M-SGD with Bernoulli M-Noise, which is the independent approximation of the M-Noise of SGD;
GD-Rademacher: use GD to optimize loss with Rademacher regularizer, the Rademacher regularizer
is solved approximately by abandoning the supremum and absolute value operators; M-SGD-[Fisher-
b]: M-SGD-Gaussian with “Fisher” as noise covariance, the “Fisher” is estimated by b random
training data; M-SGD-[Cov-b]: named in the same spirit with M-SGD-[Fisher-b]; [M-SGD-Fisher]-
b: M-SGD with sparse M-Noise, which is the composition of a Bernoulli noise and a Gaussian noise
with Fisher as covariance. [M-SGD-Cov]-b: named in the same spirit with [M-SGD-Fisher]-b. The
covariance matrices of all M-Noises are scaled such that they are in the same scale with that of SGD.

Theorem 1. (Local Rademacher, Gaussian and SGD complexity) Let A,G,Vsgd be the Rademacher,
Gaussian and SGD random variables, respectively. Then there exist c, C > 0 such that:

(1) cR(A, ✓, �, N)  R(G, ✓, �, N)  C lnN ·R(A, ✓, �, N), (10)

(2) R(Vsgd, ✓, �, N)  2(k � 1)

k
R(A, ✓, �, b), if N = kb, k 2 N, k > 1. (11)

The proof can be found in Sections 1.2 and 1.3 of the Supplementary Materials.

Theorem 1 tells us that local Gaussian complexity is equivalent to local Rademacher complexity,
which explains the generalization advantage of M-SGD-Gaussian, since regularizing Rademacher
complexity is known to bring benefits for generalization [20, 26, 3]. Though we cannot build
perfect bridge between local SGD complexity and local Rademacher complexity yet, in Section 5
we will show that M-SGD-Gaussian could perfectly simulate SGD, given proper covariance of
the Gaussian M-Noise. Thus we conclude that the local SGD complexity works similar to local
Gaussian complexity and local Rademacher complexity, and the implicit bias of SGD is due to this
data-dependent complexity regularizer.

Figure 1 (a)(d) show empirical comparison of the generalization performance of GD, SGD, M-
SGD, and GD optimizing loss with Rademacher regularizer. We can clearly observe that SGD and
M-SGD family function similarly to GD-Rademacher, thus supporting our understanding on the
data-dependent regularization effect of SGD and M-SGD.

4 The Continuous Approximation of M-SGD
This section primarily focus on presenting Result II of our work. With the implicit bias of M-SGD
known, we now address the issue of its continuous approximation. We first recollect the weak
approximation between discrete A-SGD and continuous SDE [16, 10, 8].
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a small net. We only use 1, 000 training data; (c): Standard training of CIFAR-10 on ResNet-18.
We use data augmentation and weight decay; (d)(e)(f): SVHN trained on VGG-11 without BN. We
only use 25, 000 training data. M-SGD-Fisher: M-SGD-Gaussian with Fisher as noise covariance;
M-SGD-Cov: M-SGD-Gaussian with gradient covariance as noise covariance; M-SGD-Bernoulli:
M-SGD with Bernoulli M-Noise, which is the independent approximation of the M-Noise of SGD;
GD-Rademacher: use GD to optimize loss with Rademacher regularizer, the Rademacher regularizer
is solved approximately by abandoning the supremum and absolute value operators; M-SGD-[Fisher-
b]: M-SGD-Gaussian with “Fisher” as noise covariance, the “Fisher” is estimated by b random
training data; M-SGD-[Cov-b]: named in the same spirit with M-SGD-[Fisher-b]; [M-SGD-Fisher]-
b: M-SGD with sparse M-Noise, which is the composition of a Bernoulli noise and a Gaussian noise
with Fisher as covariance. [M-SGD-Cov]-b: named in the same spirit with [M-SGD-Fisher]-b. The
covariance matrices of all M-Noises are scaled such that they are in the same scale with that of SGD.

Theorem 1. (Local Rademacher, Gaussian and SGD complexity) Let A,G,Vsgd be the Rademacher,
Gaussian and SGD random variables, respectively. Then there exist c, C > 0 such that:

(1) cR(A, ✓, �, N)  R(G, ✓, �, N)  C lnN ·R(A, ✓, �, N), (10)

(2) R(Vsgd, ✓, �, N)  2(k � 1)
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R(A, ✓, �, b), if N = kb, k 2 N, k > 1. (11)

The proof can be found in Sections 1.2 and 1.3 of the Supplementary Materials.

Theorem 1 tells us that local Gaussian complexity is equivalent to local Rademacher complexity,
which explains the generalization advantage of M-SGD-Gaussian, since regularizing Rademacher
complexity is known to bring benefits for generalization [20, 26, 3]. Though we cannot build
perfect bridge between local SGD complexity and local Rademacher complexity yet, in Section 5
we will show that M-SGD-Gaussian could perfectly simulate SGD, given proper covariance of
the Gaussian M-Noise. Thus we conclude that the local SGD complexity works similar to local
Gaussian complexity and local Rademacher complexity, and the implicit bias of SGD is due to this
data-dependent complexity regularizer.

Figure 1 (a)(d) show empirical comparison of the generalization performance of GD, SGD, M-
SGD, and GD optimizing loss with Rademacher regularizer. We can clearly observe that SGD and
M-SGD family function similarly to GD-Rademacher, thus supporting our understanding on the
data-dependent regularization effect of SGD and M-SGD.

4 The Continuous Approximation of M-SGD
This section primarily focus on presenting Result II of our work. With the implicit bias of M-SGD
known, we now address the issue of its continuous approximation. We first recollect the weak
approximation between discrete A-SGD and continuous SDE [16, 10, 8].
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Using Gaussian-SGD, 
 large-batch training never hurt.

• Large-batch SGD speeds up training by 
parallelization. 


• Large-batch SGD hurts generalization, since it 
cannot capture the noise of small-batch SGD.


• Our solution:

• In large-batch setting, use multiplicative 

Gaussian-SGD to approximate small-batch 
SGD’s noise through matching variance. 



Summary and Take-away

๏Two perspectives for understand SGD’s regularization property


‣ Additive noise perspective: the anisotropic noise in SGD helps to escape 
from poor sharp minima fast in deep learning. 


‣ Multiplicative noise perspective: inspiring new random schemes for better 
regularization beyond standard SGD, e.g. large-batch Gaussian-SGD.


๏Only partially answers the question of learning dynamics in deep learning


‣ Please check our recent work on understanding the learning of CNN

Yu et.al . "On the Learning Dynamics of Two-layer Nonlinear Convolutional Neural Networks." arXiv 
preprint arXiv:1905.10157 (2019).
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