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Abstract: We propose a framework for studying property testing of collections of distributions, where the
number of distributions in the collection is a parameter of the problem. Previous work on property testing of
distributions considered single distributions or pairs of distributions. We suggest two models that differ in the
way the algorithm is given access to samples from the distributions. In one model the algorithm may ask for a
sample from any distribution of its choice, and in the other the choice of the distribution is random.

Our main focus is on the basic problem of distinguishing between the case that all the distributions in the
collection are the same (or very similar), and the case that it is necessary to modify the distributions in the
collection in a non-negligible manner so as to obtain this property. We give almost tight upper and lower bounds
for this testing problem, as well as study an extension to a clusterability property. One of our lower bounds
directly implies a lower bound on testing independence of a joint distribution, a result which was left open by
previous work.
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These types of questions have arisen in several dis-

1 Introduction parate areas, including physics [34, 37, 46], cryptogra-
phy and pseudorandom number generation [32], statis-

In recent years, several works have investigated the tics [20, 28, 38-40, 50], learning theory [51], property
problem of testing various properties of data that is testing of graphs and sequences (e.g., [21, 24, 26, 31,
most naturally thought of as samples of an unknown 36, 41]) and streaming algorithms (e.g., [4, 8, 15-19,
distribution. More specifically, the goal in testing a 22 25 27,29, 30]). In these works, there has been sig-

specific property is to distinguish the case that the  pificant focus on properties of distributions over very
samples come from a distribution that has the prop-  Jarge domains, where standard statistical techniques
erty from the case that the samples come from a dis- based on learning an approximation of the distribu-
tribution that is far (usually in terms of ¢; norm, but tion may be very inefficient.
other norms have been studied as well) from any dis-
tribution that has the property. To give just a few In this work we consider the setting in which one
examples, such tasks include testing whether a distri- receives data which is most naturally thought of as
bution is uniform [26, 40] or similar to another known samples of several distributions, for example, when
distribution [13], and testing whether a joint distribu- studying purchase patterns in several geographic loca-
tion is independent [11]. Related tasks concern sub- tions, or the behavior of linguistic data among varied
linear estimation of various measures of a distribu- text sources. Such data could also be generated when
tion, such as its entropy [10, 27] or its support size samples of the distributions come from various sensors
[42]. Recently, general techniques have been designed that are each part of a large sensor-net. In these ex-
to obtain nearly tight lower bounds on such testing amples, it may be reasonable to assume that the num-
and estimation problems [48, 49]. ber of such distributions might be quite large, even on
) ) the order of a thousand or more. However, for the
*Research supported by the Israel Science Foundation grant . .
nos. 1147/09 and 246/08. most part, previous research has considered proper-
TResearch supported the Israel Science Foundation grant ties of at most two distributions [127 48]‘ We propose
number 246/08. new models of property testing that apply to prop-
Research supported by NSF grants 0732334 and 0728645, erties of several distributions. We then consider the
Marie Curie Reintegration grant PIRG03-GA-2008-231077 and complexity of testing properties within these models,
the Israel Science Foundation grant nos. 1147/09 and 1675/09. beginning with properties that we view as basic and
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expect to be useful in constructing building blocks for
future work. We focus on quantifying the dependence
of the sample complexities of the testing algorithms
in terms of the number of distributions that are being
considered, as well as the size of the domain of the
distributions.

1.1 Owur contributions
1.1.1 The models

We begin by proposing two models that describe
possible access patterns to multiple distributions
Dy,..., Dy, over the same domain [n]. In these models
there is no explicit description of the distribution—the
algorithm is only given access to the distributions via
samples. In the first model, referred to as the sam-
pling model, at each time step, the algorithm receives
a pair of the form (i,7) where ¢ € [n] is distributed
according to D; and j is selected uniformly in [m].
In the second model, referred to as the query model,
at each time step, the algorithm is allowed to specify
J € [m] and receives 4 that is distributed according to
Dj;. Tt is immediate that any algorithm in the sam-
pling model can also be used in the query model. On
the other hand, as is implied by our results, there are
property testing problems which have a significantly
larger sample complexity in the sampling model than
in the query model.

In both models the task is to distinguish between
the case that the tested distributions have the prop-
erty and the case that they are e-far from having the
property, for a given distance parameter €. Distance
to the property is measured in terms of the average ¢1-
distance between the tested distributions and the clos-
est collection of distributions that have the property.
In all of our results, the dependence of the algorithms
on the distance parameter € is (inverse) polynomial.
Hence, for the sake of succinctness, in all that follows
we do not mention this dependence explicitly. We note
that the sampling model can be extended to allow the
choice of the distribution (that is, the index j) to be
non-uniform (i.e., be determined by a weight w;) and
the distance measure is adapted accordingly.

1.1.2 Testing equivalence in the
sampling model

One of the first properties of distributions studied
in the property testing model is that of determining
whether two distributions over domain [n] are iden-
tical (alternatively, very close) or far (according to
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the ¢-distance). In [13], an algorithm is given that
uses O(n?/3) samples and distinguishes between the
case that the two distributions are e-far and the case
that they are O(e/+/n)-close. This algorithm has been
shown to be nearly tight (in terms of the dependence
on n) by Valiant [49]. Valiant also shows that in order
to distinguish between the case that the distributions
are e-far and the case that they are (-close, for two
constants € and 3, requires almost linear dependence
on n.

Our main focus is on a natural generalization, which
we refer to as the equivalence property of distributions
Dy, ..., Dy, in which the goal of the tester is to distin-
guish the case in which all distributions are the same
(or, slightly more generally, that there is a distribu-
tion D* for which = > || D;—D*||y < poly(e)/v/n),
from the case in which there is no distribution D* for
which L 3" ||D; — D*||; < e. To solve this problem
in the (uniform) sampling model with sample com-
plexity O(n?/3m) (which ensures with high probability
that each distribution is sampled Q(n?/3 log m) times),
one can make m — 1 calls to the algorithm of [13] to
check that every distribution is close to D;.

OUR ALGORITHMS. We show that one can get a bet-
ter sample complexity dependence on m. Specifically,
we give two algorithms, one with sample complexity
O(n?/3m!/3 4 m) and the other with sample complex-
ity O(n'/2m!/2 4 n). The first result in fact holds for
the case that for each sample pair (4, j), the distribu-
tion D; (which generated ) is not selected necessarily
uniformly, and furthermore, it is unknown according
to what weight it is selected. The second result holds
for the case where the selection is non-uniform, but
the weights are known. Moreover, the second result
extends to the case in which it is desired that the
tester pass distributions that are close for each ele-
ment, to within a multiplicative factor of (1 % €/c)
for some constant ¢ > 1, and for sufficiently large fre-
quencies. Thus, starting from the known result for
m = 2, as long as n > m, the complexity grows as
O(n?3m'/3 + m) = O(n*3m'/3), and once m > n,
the complexity is O(n'/?m'/2 4 n) = O(n'/?m'/?)
(which is lower than the former expression when
m>n).

Both of our algorithms build on the close relation
between testing equivalence and testing independence
of a joint distribution over [n] X [m] which was studied
n [11]. The O(n?*/3m'/3 4 m) algorithm follows from
[11] after we fill in a certain gap in the analysis of
their algorithm due to an imprecision of a claim given
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in [12]. The O(n'/?m!/? + n) algorithm exploits the
fact that j is selected uniformly (or, more generally,
according to a known weight w;) to improve on the
O(n?/3m'/3 4 m) algorithm (in the case that m > n).

ALMOST MATCHING LOWER BOUNDS. We show that
the behavior of the upper bound on the sample com-
plexity of the problem is not just an artifact of our
algorithms, but rather (almost) captures the complex-
ity of the problem. Namely, we give almost matching
lower bounds of Q(n?/3m!/3) for n = Q(mlogm) and
Q(n'/?m/?) (for every n and m). The latter lower
bound can be viewed as a generalization of a lower
bound given in [13], but the analysis is somewhat more
subtle.

Our lower bound of Q(n?/3m!/3) consists of two
parts. The first is a general theorem concerning
testing symmetric properties of collections of distri-
butions. This theorem extends a central lemma of
Valiant [49] on which he builds his lower bounds, and
in particular the lower bound of Q(n?/3) for testing
whether two distributions are identical or far from
each other (i.e., the case of equivalence for m = 2).
The second part is a construction of two collections of
distributions to which the theorem is applied (where
the construction is based on the one proposed in [11]
for testing independence). As in [49], the lower bound
is shown by focusing on the similarity between the
typical collision statistics of a family of collections of
distributions that have the property and a family of
collections of distributions that are far from having
the property. However, since many more types of col-
lisions are expected to occur in the case of collections
of distributions, our proof outline is more intricate and
requires new ways of upper bounding the probabilities
of certain types of events.

1.1.3 Testing clusterability in the
query model

The second property that we consider is a natural
generalization of the equivalence property. Namely,
we ask whether the distributions can be partitioned
into at most k subsets (clusters), such that within in
cluster the distance between every two distributions
is (very) small. We study this property in the query
model, and give an algorithm whose complexity does
not depend on the number of distributions and for
which the dependence on n is O(n?/3). The depen-
dence on k is almost linear. The algorithms works by
combining the diameter clustering algorithm of [3] (for
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points in a general metric space where the algorithm
has access to the corresponding distance matrix) with
the closeness of distributions tester of [13]. Note that
the results of [49] imply that this is tight to within
polylogarithmic factors in n.

1.1.4 Implications of our results

As noted previously, in the course of proving the lower
bound of Q(n?/3m!/3) for the equivalence property, we
prove a general theorem concerning testability of sym-
metric properties of collections of distributions (which
extends a lemma in [49]). This theorem may have ap-
plications to proving other lower bounds on collections
of distributions. Further byproducts of our research
regard the sample complexity of testing whether a
joint distribution is independent, More precisely, the
following question is considered in [13]: Let @ be a dis-
tribution over pairs of elements drawn from [n] x [m]
(without loss of generality, assume n > m); what is
the sample complexity in terms of m and n required to
distinguish independent joint distributions, from those
that are far from the nearest independent joint distri-
bution (in term of ¢; distance)? The lower bound
claimed in [11], contains a known gap in the proof.
Similar gaps in the lower bounds of [13] for testing
the closeness of distributions and of [10] for estimating
the entropy of a distribution were settled by the work
of [49], which applies to symmetric properties. Since
independence is not a symmetric property, the work
of [49] cannot be directly applied here. In this work,
we show that the lower bound of Q(n?/3m!/3) indeed
holds. Furthermore, by the aforementioned correction
of the upper bound of O(n?/3m!/3) from [11], we get
nearly tight bounds on the complexity of testing inde-
pendence.

1.2 Other related work

Other works on testing and estimating properties of
(single or pairs of) distributions include [1, 2, 6, 7, 9,
14, 27, 44, 45].

1.3 Open problems and further
research

There are many interesting directions to pursue con-
cerning the testing of properties of collections of distri-
butions, and because of the applicability of the model
to a wide range of circumstances, we expect that new
directions will present themselves. Here we give a few
examples: One natural extension of our results is to
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give algorithms for testing the property of clusterabil-
ity for £ > 1 in the sampling model. One may also
consider testing properties of collections of distribu-
tions that are defined by certain measures of distribu-
tions, and may be less sensitive to the exact form of
the distributions. For example, a very basic measure
is the mean (expected value) of the distribution, when
we view the domain [n] as integers instead of element
names, or when we consider other domains. Given
this measure, we may consider testing whether the
distributions all have similar means (or whether they
should be modified significantly so that this holds). Tt
is not hard to verify that this property can be quite
easily tested in the query model by selecting ©(1/¢)
distributions uniformly and estimating the mean of
each. On the other hand, in the sampling model an
Q(y/m) lower bound is quite immediate even for n = 2
(and a constant €). We are currently investigating
whether the complexity of this problem (in the sam-
pling model) is in fact higher, and it would be inter-
esting to consider other measures as well.

1.4 Organization

In this extended abstract we focus on one result: the
lower bound of Q(n?/3m!/3) for testing equivalence.
We give all the details for this result, where the more
technical parts can be found in the appendix. All
other results are provided in the full version of this
paper [33].

2 Preliminaries

Let [n] ef {1,...,n}, and let D= (Dy,...,D,,) be
a list of m distributions, where D; : [n] — [0,1] and
Yo D;(i) =1 for every 1 < j < m. For a vector
v = (v1,...,0,) € R, let ||v|1 = D21 |v;] denote
the L; norm of the vector v.

For a property P of lists of distributions and
0 < e < 1, we say that D is e-far from (hav-
ing) P if %27:1 [D;j — Djll1 > € for every list
D* = (D3,...,D?,) that has the property P (note
that ||[D; — D1 is twice the the statistical distance
between the two distributions).

Given a distance parameter ¢, a testing algorithm
for a property P should distinguish between the case
that D has the property P and the case that it is e-far
from P. We consider two models within which this
task is performed.

1. The Query Model. In this model the testing
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algorithm may indicate an index 1 < j < m of its
choice and it gets a sample ¢ distributed according
to Dj (’L)

2. The Sampling Model. In this model the algo-
rithm cannot select (“query”) a distribution of its
choice. Rather, it may obtain a pair (i, j) where j is
selected uniformly (we refer to this as the Uniform

sampling model) and ¢ is distributed according to
D;(i).

We also consider a generalization in which there
is an underlying weight vector w = (w1,...,wn)
(where > 70, w; = 1), and the distribution D; is
selected according to w. In this case the notion of
e-far needs to be modified accordingly. Namely,
we say that D is efar from P with respect to
w if 370wy - [Dj — Djlli > e for every list
D* = (D3,...,Dzx,) that has the property P. We
consider two variants of this non-uniform model:
The Known-Weights sampling model, in which w is
known to the algorithm, and the Unknown- Weights
sampling model in which w is known.

A main focus of this work is on the following prop-
erty. We shall say that a list D = (D;...D,,) of
m distributions over [n] belongs to P& (or has the
property Pl ) if D; = Djs for all 1 < 3,3 < m.

m,n

3 A lower bound of 2(n?3m?'/3) for
testing equivalence in the uniform
sampling model when n = (mlogm)

In this section we prove the following theorem:

Theorem 1 Any testing algorithm for the property
Prily, in the uniform sampling model for every e <
1/20 and forn > cmlogm where ¢ is some sufficiently
large constant, requires Q(n?/3m/®) samples.

The proof of Theorem 1 consists of two parts. The first
is a general theorem (Theorem 2) concerning testing
symmetric properties of lists of distributions. This
theorem extends a lemma of Valiant [49, Lem. 4.5.4]
(which leads to what Valiant refers to as the “Wishful
Thinking Theorem”). The second part is a construc-
tion of two lists of distributions to which Theorem 2
is applied. Our analysis uses a technique called Pois-
sonization [47] (which was used in the past in the con-
text of lower bounds for testing and estimating prop-
erties of distributions in [42, 48, 49]), and hence we
first introduce some preliminaries concerning Poisson
distributions. We later provide some intuition regard-
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ing the benefits of Poissonization. All missing details
of the analysis can be found in the appendix.

3.1 Preliminaries concerning Poisson
distributions

For a positive real number A, the Poisson distri-
bution poi(A) takes the value x € N (where N =
{0,1,2,...}) with probability poi(z;\) = e *\¥/z!.
The expectation and variance of poi(A) are both A.
For \; and \s we shall use the following bound on the
¢ distance between the corresponding Poisson distri-
butions (for a proof see for example [42, Claim A.2]):

[poi(A1) — poi(Az)fl1 < 2[A1 — Aqf . (1)

For a vector X = (A1, ..., Aq) of positive real num-

bers, the corresponding multivariate Poisson distri-

-

bution poi(A) is the product distribution poi(A1) x

... x poi(Ag). That is, poi()) assigns each vector Z =
(x1,...,24) € N? the probability Hle poi(z; A;).

We shall sometimes consider vectors A whose coor-
dinates are indexed by vectors @ = (a1, ..., a;,) € N™,
and will use A\(@) to denote the coordinate of A that

—

corresponds to d@. Thus, poi(\(@)) is a univariate Pois-
son distribution. With a slight abuse of notation, for
a subset I C [d] (or I € N™), we let poi(X(I)) denote
the multivariate Poisson distributions restricted to the

coordinates of X in I.

For any two _d-dimensional vectors Xt
(A, .. A0 and A= = (A,...,A\;) of positive real
values, we get from the proof of [49, Lemma 4.5.3]
that,

i) - i
< Ed: [poi(A) = poi(A; )],
j=1

for our purposes we shall use the following generalized
lemma.

Lemma 1 For any two d-dimensional vectors Xt =
(AT, ) and A= = (A\[,...,\;) of positive real
values, and for any partition {I;}i_, of [d],

Hpoi(X‘") - poi(x_) Hl

—

— poi(A™ (1))

Hl ’

< fj [poi(X* (1)
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We shall also make use of the following Lemma.

Lemma 2 For any two d-dimensional vectors \T =
(AT, A)) and A= = (A\[,...,\]) of positive real
values,

The next two notations will play an important tech-
nical role in our analysis. For a list of distribu-
tions D = (Dy,...,Dy), an integer x and a vector
a=(a1,...,am) € N, let

e o def TT . )
pP"(i;@) = [ poiay; & - D;(3)) -
j=1

(2)

That is, for a fixed choice of a domain element i € [n],
consider performing m independent trials, one for each
distribution D;, where in trial j we select a non-
negative integer according to the Poisson distribution
poi(A) for A = k- D;(i). Then pP»*(i;a) is the proba-
bility of the joint event that we get an outcome of a;
in trial j, for each j € [m]. Let XD he a vector whose
coordinates are indexed by all @ € N, such that

NP (d) = ZPD’“(Z'; a) . (3)

That is, AP»%(&) is the expected number of times we
get the joint outcome (ay,...,a) if we perform the
probabilistic process defined above independently for
every i € [n].

3.2 Testability of symmetric
properties of lists of distributions

In this subsection we state an important building
block in the proof of prove the Theorem 1.

Theorem 2 Let D and D~ be two lists of m distri-
butions over [n], all of whose frequencies are at most

ﬁ where K is some positive integer and 0 < § < 1.
If
< =D 16 3526
i >\D+”‘) - '()\D ,K> ‘ 22020y
Hpm( pot <30 5 0 W

then testing in the uniform sampling model any sym-
metric property of distributions such that DT has the
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property, while D~ is Q(1)-far from having the prop-
erty requires (k- m) samples.

A HIGH-LEVEL DISCUSSION OF THE PROOF OF THE-
OREM 2. For an element ¢ € [n] and a distribution
D;, j € [m], let o;; be the number of times the
pair (i,j) appears in the sample (when the sample
is selected according to some sampling model). Thus
(@i, ..., Q4 m) is the sample histogram of the element
1. The histogram of the elements’ histograms is called
the fingerprint of the sample. That is, the fingerprint
indicates, for every @ € N, the number of elements i
such that (a;1,. .., m) = d. Asshown in [13], when
testing symmetric properties of distributions, it can
be assumed without loss of generality that the test-
ing algorithm is provided only with the fingerprint of
the sample. Furthermore, since the number, n, of ele-
ments is fixed, it suffices to give the tester the finger-
print of the sample without the 0= (0,...,0) entry.

For example, consider the distributions D; and
Dy over {1,2,3} such that D[i] 1/3 for every
i € {1,2,3}, Do[l] = Ds[2] = 1/2 and Do[3] = 0.
Assume that we sample (Dq, Ds) four times, accord-
ing to the uniform sampling model and we get the
samples (1,1), (1,2),(2,2), (3,1), where the first coor-
dinate denotes the element and the second coordinate
denotes the distribution. Then the sample histogram
of element 1 is (1,1) because 1 was selected once by
D; and once by Ds. For the elements 2,3 we have
the sample histograms (0,1) and (1,0), respectively.
The fingerprint of the sample is (0,1,1,0,1,0,0,...)
for the following order of histograms: ((0,0),(0,1),
(1,0),(2,0)(1,1),(0,2),(3,0),...).

In order to prove Theorem 2, we would like to show
that the distributions of the fingerprints when the
sample is generated according to Dt and when it is
generated according to D~ are similar, for a sample
size that is below the lower bound stated in the the-
orem. For each choice of element i € [n] and a dis-
tribution Dj;, the number of times the sample (4, j)
appears, i.e. o j, depends on the number of times the
other samples appear simply because the total number
of samples is fixed. Furthermore, for each histogram &,
the number of elements with sample histogram iden-
tical to @ is dependent on the number of times the
other histograms appear, because the number of sam-
ples is fixed. For instance, in the example above, if
we know that we have the histogram (0, 1) once and
the histogram (1,1) once, then we know that third
histogram can’t be (2,0). In addition, it is dependent
because the number of elements is fixed.

184

We thus see that the distribution of the fingerprints
is rather difficult to analyze (and therefore it is dif-
ficult to bound the statistical distance between two
different such distributions). Therefore, we would like
to break as much of the above dependencies. To this
end we define a slightly different process for gener-
ating the samples that involves Poissonization [47].
In the Poissonized process the number of samples we
take from each distribution D;, denoted by n;, is dis-
tributed according to the Poisson distribution. We
prove that, while the overall number of samples the
Poissonized process takes is bigger just by a constant
factor from the uniform process, we get with very high
probability that £ > r;, for every j, where r; is the
number of samples taken from D;. This implies that
if we prove a lower bound for algorithms that receive
samples generated by the Poissonized process, then we
obtain a related lower bound for algorithms that work
in the uniform sampling model.

As opposed to the process that takes a fixed number
of samples according to the uniform sampling model,
the benefit of the Poissonized process is that the «; ;’s
determined by this process are independent. There-
fore, the type of sample histogram that element i has
is completely independent of the types of sample his-
tograms the other elements have. We get that the
fingerprint distribution is a generalized multinomial
distribution, which fortunately for us has been stud-
ied by Roos [43] (the connection is due to Valiant [48]).
See details in Appendix B.

3.3 Proof of Theorem 1

In this subsection we show how to apply Theorem
2 to two lists of distributions, Dt and D~, which we
will define shortly, where D € P4 = Ped. while D™~
is (1/20)-far from P°?. Recall that by the premise of
Theorem 1, n > c¢mlogm for some sufficiently large
constant ¢ > 1. In the proof it will be convenient to
assume that m is even and that n (which corresponds
in the lemma to 2t) is divisible by 4. It is not hard
to verify that it is possible to reduce the general case
to this case. In order to define D, we shall need the
next lemma.

Lemma 3 For every two even integers t and m,
there exists a 0/1-valued matriz M with t rows and
m columns for which the following holds:

1. In each row and each column of M, exactly half of
the elements are 1 and the other half are 0.
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2. For every integer 2 < x < m/2, and for every
subset S C [m] of size x, the number of rows
i such that M[i,j] = 1 for every j € S is at

least t - ( (1 — %) — 1/2“”1;””), and at most
1 /[2zlnm
t- (23:—’_ t).

Lemma 3 is proved using the probabilistic method.
Namely, we describe how to construct a matrix M in
a certain random manner, and then prove that the
conditions in the lemma hold with non-zero probabil-
ity. Specifically. Consider selecting M randomly as
follows: Denote the first ¢/2 rows of M by F. For
each row in F, pick, independently from the other
t/2 —1rows in F', a random half of its elements to be
1, and the other half of the elements to be 0. Rows
t/2+1,...,t are the negations of rows 1,...,t/2, re-
spectively. Thus, in each row and each column of
M, exactly half of the elements are 1 and the other
half are 0. Proving that the second condition in the
lemma holds with non-zero probability is deferred to
Appendix C.

1
PE

We first define DT, in which all distributions are
identical. Specifically, for each j € [m]:

1 ) ) n2/3m1/3
n2/3m1/3 if 1<i<
+. dﬁf 1
Dj(l)_ — if = <i<n (5)
n
0 ow.

We now turn to defining D~. Let M be a matrix as
in Lemma 3 for ¢t = n/2. For every j € [m]:

1 _ 238
Wi S
— /. def g if E <1<nmn
D} (i) % , g <is )
and M[i —n/2,j] =1
0 ow.

For both DT and D~, we refer to the elements 1 <

i < M as the heavy elements, and to the el-
ements 5 < i < n, as the light elements. Observe

that each heavy element has exactly the same prob-
ability weight, m, in all distributions D;' and
D;. On the other hand, for each light element 4,
while D (i) = L (for every j), in D~ we have that
D;-r (i) = 2 for half of the distributions, the distribu-
tions selected by the M, and D;‘(z) = 0 for half of the
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distributions, the distributions which are not selected
by M. We later use the properties of M to bound the
¢y distance between the fingerprints’ distributions of
DT and D~

A HIGH-LEVEL DISCUSSION. To gain some intuition
before delving into the detailed proof, consider first
the special case that m = 2 (which was studied by
Valiant [48], and indeed the construction is the same
as the one he analyzes (and was initially proposed in
[12]). In this case each heavy element has probabil-
ity weight ©(1/n2/3) and we would like to establish
a lower bound of Q(n?/3) on the number of samples
required to distinguish between DT and D~. That is,
we would like to show that the corresponding finger-
prints’ distributions when the sample is of size o(n?/?)
are very similar.

The first main observation is that since the proba-
bility weight of light elements is ©(1/n) in both DF
and D™, the probability that a light element will ap-
pear more than twice in a sample of size o(n?/?) is
very small. That is (using the fingerprints of his-
tograms notation we introduced previously), for each
@ = (a1, az) such that a;+as > 2, the sample won’t in-
clude (with high probability) any light element ¢ such
that ;1 = a1 and «; 2 = as (for both Dt and D™).
Moreover, the expected number of elements i such
that (i1, q;2) = (1,0) is the same in Dt and D™, as
well as the variance (from symmetry, the same applies
to (0,1)). Thus, most of the difference between the
fingerprints’ distributions is due to the numbers of el-
ements ¢ such that (a;1,;2) € {(1,1),(2,0),(0,2)}.
For these settings of @ we do expect to see a non-
negligble difference for light elements between D+ and
D~ (in particular, we can’t get the (1, 1) histogram for
light elements in D, as opposed to D).

Here is where the heavy elements come into play.
Recall that in both DT and D~ the heavy elements
have the same probability weight, so that the expected
number of heavy elements ¢ such that (a;1,a;2) =
(1,1) (and similarly for (2,0) and (0,2)), is the same
for DT and D~. However, intuitively, the variance
of these numbers for the heavy elements “swamps”
the differences between the light elements so that it is
not possible to distinguish between D and D~. The
actual proof, which formalizes (and quantifies) this
intuition, considers the difference between the values
of the vectors X2 +* and XD~ (as defined in Equation
(3)) in the coordinates corresponding to @ such that
a1 + ag = 2. We can then apply Lemmas 1 and 2 to
obtain Equation (4) in Theorem 2.
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Turning to m > 2, it is no longer true that in a sam-
ple of size o(n*/3m!/3) we won’t get histogram vectors
d such that > 7" a; > 2 for light elements. Thus we
have to deal with many more vectors @ (of dimen-
sion m) and to bound the total contribution of all of
them to the difference between fingerprints of D and
of D~. To this end we partition the set of all possi-
ble histograms’ vectors into several subsets according
to their Hamming weight Z;nzl a; and depending on
whether all a’s are in {0,1}, or there exists a least
one a; such that a; > 2. In particular, to deal with
the former (whose number, for each choice of Ham-
ming weight x is relatively large, i.e., roughly m?®), we
use the properties of the matrix M based on which
D~ is defined. We note that from the analysis we see
that, similarly to when m = 2, we need the variance
of the heavy elements to play a role just for the cases
where 27:1 a; = 2 while in the other cases the total
contribution of the light elements is rather small.

In the remainder of this section we provide the details
of the analysis.

We next introduce some more notation, which will
be used throughout the remainder of the proof of The-
orem 1. Let S, be the set of vectors that contain ex-
actly x coordinates that are 1, and all the rest are 0
(which corresponds to an element that was sampled
once or 0 times by each distribution). Let A, be the
set of vector that their coordinates sum up to x but
must contain at least one coordinate that is 2 (which
corresponds to an element that was samples at least
twice by at least one distribution). More formally, for
any integer x, we define the following two subsets of

N™:
s d:ef{aeNm | z;’ilaj=xand}
Vj e [m],a; <2
and
4,2 [ g e Zim @ =@ and
3j € [m],a; > 2

def

—

let sup(@)

For @ € N™,
denote the support of Ei
{i : Dy % Vj € sup(d } Note that in terms of
the matrix M (based on which D~ is defined), I, (a)
consists of the rows in M whose restriction to the sup-
port of @ contains only 1’s. In terms of the D, it cor-
responds to the set of light elements that might have

a sample histogram of @ (when sampling according to
D).

{i
and let I (Q)

# 0}

def

aj
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The proof of the next lemma appears in Appendix

C.

Lemma 4 D~ is (1/20)-far from Pt for every
m > 5 and n > clnm where ¢ is a sufficiently large
constant.

In what follows we work towards establishing that
Equatlon ( ) in Theorem 2 holds for Dt and D~. Set

k =0 55, where ¢ is a constant to be determined
lixter. We shall use the shorthand \* _fpr Gl R and
A~ for AP % (recall that the notation AP+* was intro-
duced in Equation (3)). By the definition of AT, for

each @ € N™,
AT (@)
n m + @;
ST
im1 =1 €7 @ - ay!
n2/3m1/3 m
s e
- 5/m
i=1 j=1 e?/m - a;!
n (5 (1 3m2/3)) e
- S fjeee
i=n/2+1j=1
B n2/37n1/3 m (5/7n)aj
T 2e0 H a;!
j=1 J
n m (5/(n}/37n2/3))aj
+265(m/n)1/3 H a]| (7)

Jj=1

By the construction of M,

Z;nzl Dj_(i) = %

for every light
-5 = 2. Therefore,

i,

(6/m)“
H/

(26/(n
5(m/n)1/3 Z H

i€l (@) j=1

1/3 2/3))aj

(8)

Hence, A" (@) and X~ (@) differ only on the term which
corresponds to the contribution of the light elements.
Equations (7) and (8) demonstrate why we choose
M with the specific properties defined in Lemma 3.
First of all, in order for every D) to be a prob-
ability distribution, we want each column of M to
sum up to exactly m/2. We also want each row
of M to sum up to exactly m/2, in order to get
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[T, e~r D7) — H;"_l e *Pi (D Finally, we would
have liked |1 (@)] - H 1 2% to equal n/2 for every d.

This would imply that X“( @) and X~ (@) are equal. As
we show below, this is in fact true for every @ € Sj.
For vectors @ € S, where x > 1, the second condition
in Lemma 3 ensures that |Ip;(@)| is sufficiently close
to 5 - 2% This property of M is not necessary in order
to bound the contribution of the vectors in A,. The
bound that we give for those vectors is less tight, but
since there are fewer such vectors, it suffices.

We start by considering the contribution to Equa-
tion (4) of histogram vectors @ € Sy (i.e., vectors of
the form (0,...,0,1,0,...,0)) which correspond to the
number of elements that are sampled only by one dis-
tribution, once. We prove that in the Poissonized sam-
pling model, for every @ € S; the number of elements
with such sample histogram is distributed exactly the
same in Dt and D~.

Lemma 5

> |[poitX* (@

aes,

=0.
1

~ poi( X~ (@)
Proof: For every @ € Sy, the size of Ip/(d@) is 7§, thus,

Z H?é/

i € Ing(@)i=1

nl/3 2/3))aj

m

Hf”

n 1/3 2/3))aj

T2 ,

By Equations (7) and (8), it follows that |X*(@)—

X=(@) = 0 for every @ € Si.
applying Equation (1).

The lemma follows by
O

We now turn to bounding the contribution to Equa-
tion (4) of histogram vectors @ € Ay (i.e., vectors of
the form (0,...,0,2,0,...,0) which correspond to the
number of elements that are sampled only by one dis-
tribution, twice.

Lemma 6

[poi(R (42)) — poi(R- (42))]| <35

Proof: For every d@ € As, the size of Iy(d@) is %, thus,

> e

i€ly (@) j=1

I

1/3 2/3))aj

1/3 2/3))(1]»

9)
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By Equations (7), (8) and (9) it follows that

A~ (@) — X+ (@)
- n m (5/(n1/3m2/3))a]~
20 (m/n)1/? H a;! (10)
j=1 J
nl/352
T b (m/n) /3 /s
and that
- (6/m
5@ = H —
=1 (11)
n2/352
T AeSmplE

By Equations (10) and (11) we have that

_ X+(d))2

65—26(m/n)1/352

IN

0
< —.
m

>

By Equation (12) and the fact that |As| = m we get
52

+(d’))2 S

) m

(X*(a) -

A (

=52

>

acA,y

S

The lemma follows by applying Lemma 2. O

Recall that for a subset I of N™, poi(X(I)) denotes
the multivariate Poisson distributions restricted to the
coordinates of X that are indexed by the vectors in 1.
We separately deal with S, where 2 < z < m/2, and
x > m/2, where our main efforts are with respect
to the former, as the latter correspond to very low
probability events. The proofs of the next lemmas
appear in Appendix C.

Lemma 7 For m > 16, n > ecmlnm (where ¢ is a
sufficiently large constant) and for 6 < 1/16

m/2
US| ||, =820
=2

m/2
Hpoi xt US;C —poi
=2

Lemma 8 Forn >m, m > 12 and § < 1/4,

> > peiti (@) -

poi(X*(a))H < 326° .
z>m/2 €S, !
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We finally turn to the contribution of @ € A, such that
x > 3, where the proof of the next lemma is similar
to the proof of Lemma 8.

Lemma 9 Forn >m and § < 1/4,

S 3 |fpei(i (@) — poiti-@)||, < 165

z>3AEA,
We are now ready to finalize the proof of Theorem 1.

Proof of Theorem 1: Let DT and D~ be as de-
fined in Equations (5) and (6), respectively, and recall

that k = ¢ - :127//33 (where ¢ will be set subsequently).
By the definition of the distributions in DT and D,
the probability weight assigned to each element is at
most — 7 = %, as required by Theorem 2. By
Lemma 4, D~ is (1/20)-far from P°1. Therefore, it
remains to establish that Equation (4) holds for DT
and D~. Consider the following partition of N™:

m/2

dYaes, Az, | Se{@acy,.,, 5.0 {@}acy, ., .

r=2

where {d}zcr denotes the list of all singletons of ele-
ments in 7. By Lemma 1 it follows that

Hpoi(X‘“) — poi(S\’_)H1

<y Hpoi(x+(d) —poi(X*(d'))H

acs,

+ Hpoi(f\ur

(A2) = poi(X~(42)) |

m/2

+Hpoi(x+( L_J Se)) — I)Oi(x(ﬁ2 Sf))Hl

+ 3% Hpoi<X+(a*)—poi(X‘(d‘>)]

x>m/2 AES,

Y Hpoi(X+(d) — poi(A~(a))

>3 €A,

‘ 1

‘1'

For 6 < 1/16 we get by Lemmas 5-9 that

[poiCi®) — poiti)|| < 356 + 485°

16 3520

30 5 0

which is less than for § = 1/200.
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A Missing details for Subsection 3.1

Proof of Lemma 1: Let {I;}¢_, be a partition of [d],
let 7 denote (i1,...14), by the triangle inequality we
have that for every k € [¢],

‘poi(;; XT) = poi(i; X‘)‘

:’ H poi(ij; A) — H POi(ijV\j_)’
]

jeld jeld]
< ’ IT poiis: A1)
Jjeld]
— H poi(ij;)\;r) H poi(ij;)\;)’
Jeld\Ix jEI
—|—‘ H poi(ij;/\j') H poi(ij; A; )
JEldN\ Ik ST
- 11 poi(ij;A})) ~
j€ld]

Hence, we obtain that
[poi(X*) — poi (A7)
1
= Z ’poi(;; X*H) = poi(i; X*)‘
iENd

< Hpoi<x+<fk>> — poi(A~ Uk))Hl

+ Hpoi(X+([d] \ 1)) — poi(A~([d] \I’“))Hl '

Thus, the lemma follows by induction on /. O

Proof of Lemm 2: In order to prove the lemma
we shall use the KL-divergence between distributions.
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Namely, for two distributions p; and ps over a do-

. def 1
main X, Dxr(pillp2) = D expi(z) - In gzgg. Let

At = ()\f e ,>\d+), 2= (AL ..., A;) and let i denote
(i1,...14). We have that

where in the last inequality we used the fact that
Inx < x — 1 for every > 0. Therefore, we obtain
that

Dict. (poi(X*) [poi(X))

1€Nd poi( ’ _)
d (13)
<3 (OF =N+ (A7 - )

where in Equation (13) we used the facts that
Y ienPoi(i; A) = 1 and Y,y poi(i;A) -4 = A The
¢, distance is related to the KL-divergence by ||D —

D'||y £ 24/2Dky, (D||D’) and thus we obtain the

lemma. O

The next lemma will be used in the proof of Theorem
2.

Lemma 10 Let X ~ poi(A), then,
Pr[X < \/2] < (3/4)M%.

Proof: Consider the matching between j and j + A\/2
for every j = 0,...,A/2 — 1. We consider the ratio
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between poi(j; A) and poi(j + A/2; A):

poi(j + A/2; )
poi(j; A)
e NG+ A /2)!
N e -\ /gl
)\)\/2

G+A2)G+A2=-1)---(j+1)
—_— A . A . e
T N2 jHN2-1

A

A

A
Jj+1

A

A—2

Y

-1 Y2
A

(3/4)A

4/3)M4

>
= (

This implies that

Pr[X < A/2]
PiX < A/2)
TPIA2< X < A

Pr[X < A/2]
SP2<X < A

“Pr[A/2 < X < )]

< (3/9M,

and the proof is completed.

B Missing details for Subsection 3.2

Definition 1 In the Poissonized uniform sampling
model with parameter k (which we’ll refer to as the
k-Poissonized model), given a list D = (Dy,...,Dy,)
of m distributions, a sample is generated as follows:

e Draw Ki,...,Kpm < poi(k)
o Return k; samples distributed according to D; for
each j € [m].

Lemma 11 Assume that there exists a tester T in the
uniform sampling model for a property P of lists of
m distributions, that takes a sample of size s = km
where k > clogm for some sufficiently large constant
¢, and works for every € > €y where €y is a constant
(and whose success probability is at least 2/3). Then
there exists a tester T’ for P in the Poissonized uni-
form sampling model with parameter 4k, that works
for every € > €y and whose success probability is at
least %.
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Proof: Roughly speaking, the tester T” tries to simu-
late T if it has a sufficiently large sample, and oth-
erwise it guesses the answer. More precisely, let
D = (Dy,...,Dy) be a list of m distributions. For
each j € [m] let k; denote the random variable that
equals the number of samples that are selected accord-
ing to D; in the uniform sampling model, when the to-
tal number of samples is km. Thus, r; ~ Bin(km, L).
By [5, Thm. A.12], for each j € [m],

(e/4)"

Now consider a tester 7" that receives /-@9 samples from
each D; where £ ~ poi(4r). By Lemma (10), for each

7 we have that,

Prk; > 2k] <

Pr [k} < 2k] < (3/4)"

Suppose T" also selects ki,...,Kn, as in the distri-
bution induced by the uniform sampling model. If
K; > k;j for each j, then 7" simulates 7" on the union
of the first x; samples that it got for each j. Otherwise
it outputs “accept” or “reject” with equal probability.

By taking a union bound over all j € [m] we get
that the probability that for every j € [m] it holds
that both k; < 2k and k’; > 2k (so that Ii;— > k),
is at least 1 —m(((e/4))" + (3/4)"), which is greater
than % for k > clogm and a sufficiently large constant
c. Therefore, the success probability of T” is at least

%, as desired. O

S Raae
Given Lemma 11 it suffices to consider samples
that are generated in the Poissonized uniform sam-
pling model. The process for generating a sample
{ai1,. - Qim}iem) (recall that a; ; is the number of
times that element ¢ was selected by distribution D;)
in the x-Poissonized model is equivalent to the fol-
lowing process: For each i € [n] and j € [m], inde-
pendently select «; ; according to poi(k - D;()) (see
[23], p. 216). Thus the probability of getting a par-
ticular histogram @; = (a;1,...,a;m) for element %
is pP*(i;d@;) (as defined in Equation (2)). We can
represent the event that the histogram of element 4
is @; by a Bernoulli random vector b; that is indexed
by all @ € N™ is 1 in the coordinate corresponding
to d;, and is 0 elsewhere. Given this representation,
the fingerprint of the sample corresponds to >, b
In fact, we would like bi to be of finite dimension,
so we have to consider only a finite number (suffi-
ciently large) of possible histograms. Under this re-
laxation, b = (0,...,0) would correspond to the case
that the sample histogram of element ¢ is not in the
set of histograms we consider. Roos’s theorem, stated
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next, shows that the distribution of the fingerprints
can be approximated by a multivariate Poisson distri-
bution (the Poisson here is related to the fact that the
fingerprints’ distributions are generalized multinomial
distributions and not related to the Poisson from the
Poissonization process). For simplicity, the theorem is
stated for vectors l_J’Z that are indexed directly, that is
b; = (bi71, ceey bi,h)~

Theorem 3 ([43]) Let DS be the distribution of
the sum S, of n independent Bernoulli random vec-

tors 51,...,5n in R" where Pr [l_); = 6'4 = pi¢ and
Pr [I_); = (0, ..,O)} =1- Z?Zl pie (here & satisfies
eio =1 and e;pr = 0 for every ¢! # £). Suppose we
define an h-dimensional vector X = (A1,...,\) as
follows: Xg = >""  pie. Then
HDS" — poi(X) < — Z i1 Pl . (14)
Zz 1 pZ 4

We next show how to obtain a bound on sums of
the form given in Equation (14) under appropriate
conditions.

Lemma 12 Given a list D = (D,...,Dy,) of m dis-
tributions over [n] and a real number 0 < § < 1/2 such

that for all i € [n] and for all j € [m], D;(i) < -2
for some integer k, we have that
3 %1]) i ))<25. (15)
genm\§ =1 PP a
Proof:
Z Zz* ( )
deNm\§ 2iza PP ()
< ) max (pP(i;d))
GeN™\0 ’
= Z max Hp01 aj; k- Dj(i))
GeN™\0 (16)
5 ai+-Fam
<> ()
aeNm™\0
(oo} 5 a
< ol —
<3 (3)
a=1
<20,

where the inequality in Equation (16) holds for § <
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1/2 and the inequality in Equation (16) follows from:

eP1) (1 Dy (i))°
al

< (k- D;(2))"

(

and the proof is completed.

poi(a; k - D;(i)) =

a

5
<|=
m

O

Proof of Theorem 2: By the first premise of the
theorem, D;r(z),D;r(z) < 2 for every i € [n] and
j € [m]. By Lemma 12 this implies that Equa-
tion (15) holds both for D = DT and for D = D~.
Combining this with Theorem 3 we get that the ¢4
distance between the fingerprint distribution when
the sample is generated according to DT (in the r-
Poissonized model, see Definition 1) and the distri-

PRt t 8—58 - 20 = %(5, and

an analogous statement holds for D~. By applying
the premise in Equation (4) (concerning the ¢; dis-

bution poi( ) is at mos

tance between poi (XD+”‘°) and poi (XD_”“>) and the
triangle inequality, we get that the ¢; distance be-
tween the two fingerprint distributions is smaller than
2 - 1%66 + % — %25 = %, which implies that the sta-
tistical difference is smaller than %, and thus it is
not possible to distinguish between DT and D~ in the
k-Poissonized model with success probability at least
%. By Lemma 11 we get the desired result. O

C Missing details for Subsection 3.3

Proof of Lemma 3: Recall that we consider select-
ing a matrix M randomly as follows: Denote the first
t/2 rows of M by F. For each row in F, pick, inde-
pendently from the other t/2—1 rows in F, a random
half of its elements to be 1, and the other half of the
elements to be 0. Rows ¢/2+1,...,t are the negations
of rows 1,...,t/2, respectively. Thus, in each row and
each column of M, exactly half of the elements are 1
and the other half are 0.

Consider a fixed choice of x. For each row i between
1 and ¢, each subset of columns S C [m] of size x, and
b € {0,1}, define the indicator random variable Ig ;
to be 1 if and only if M[i,j] = b for every j € S.
Hence,

Pr[ls,ip = 1]

1 -1

m
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Clearly, Pr[Ig,;, =1] < 2% On the other hand,

PI‘[Isyi_’b =1] >

Y]

where the last inequality is due to Bernoulli’s inequal-
ity which states that (1+x)™ > 1+ nx, for every real
number x > —1 # 0 and an integer n > 1 ([35]).

Let Egp denote the expected value of 22/221 Isip-
From the fact that rows t/2+41, ...t are the negations
of rows 1,...,t/2 it follows that ijt/zﬂ Isi1 =
Zf/: 21 Is ;0. Therefore, the expected number of rows

1 < ¢ < t such that M[i,j] = 1 for every j € S is

simply Eg1+ Es, (that is, at most ¢- 2% and at least

t 5 ( - %)) By the additive Chernoff bound,
t/2 il
zlnm
P Isip—E ‘ >

< 2exp(—2(t/2)(2z1nm)/t)

=2m 2"

Thus, by taking a union bound (over b € {0,1}),

Pr

t
S Isar— (Bsa + Es)| > m]
=1

< 4m~—2=

By taking a union bound over all subsets S we get that
M has the desired properties with probability greater
than 0. O

Proof of Lemma 4: Consider any @ € S;. By
Lemma 3, setting t = n/2, the size of Iy/(a@), i.e.
the number of light elements ¢ such that D} [{] = 2

n

n

2

8lnm

for every j € sup(a), is at most -

G-
The same lower bound holds for the number of
light elements ¢ such that D [(] = 0 for every

j € sup(@). This implies that for every j # j
in [m], for at least 5 — n(}l—l— 8lnm ) of the
light elements, ¢, we have that D [{] = 2 while

— _ — _ 2 . - _
D} [¢] = 0, or that D [{] = £ while D [¢] = 0.

Therefore, |D; — Dj|li > 1 —2,/8m which for
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n > clnm and a sufficiently large constant ¢, is at
least %. Thus, by the triangle inequality we have
that for every D*, 37", |D; — D*|1 > |%] -,
which greater than m/20 for m > 5. O

Proof of Lemma 9: We first observe that |A,| <
m®~! for every z. To see why this is true, observe that
|Az| equals the number of possibilities of arranging
2 — 1 balls, where one ball is a “special” (“double”)
ball in m bins. By Equations (7) and (8) (and the
fact that |z — y| < max{z,y} for every positive real
numbers z,y),

)Y

r>3d€EA,

i 20 %
I

z>3acA, | j=1

n 29 Z;'L:1 aj
- Z Z 2 <n1/3m2/3)
>3

aAcA,

X*H(@) - X~ (a)

= 4 n 20 ’
<> m*h D) (n1/3m2/3>
=3

_on . /26mt/3\ "
T 2m — \ nl!/3

(17)

< 85° (18)
where in Equation (17) we used the fact that n > m

and Equation (18) holds for ¢ < 1/4. The lemma
follows by applying Equation (1). O
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